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ABSTRACT
T he d e t e r m in a t io n  r' t  t h e  p o s i t i o n  and  s i z e  o f  r e f l e c t i v e  p a n e ls  u s e d  i n  a u d i t o r i a  
t o  r e i n f o r c e  t ’ .e d i r e c t  so u n d  i s  i n v e s t i g a t e d .  A s s o c ia t e d  a c o u s t i c a l  d e s ig n  
pa r. 'im e te rs  l i k e  optim um  d i r e c t  t o  r e v e r b e r a n t  so u n d  i n t e n s i t y  r a t i o ,  
a u d i to r iu m  s h a p e ,  r e v e r b e r a t i o n  t im e ,  b a c k g ro u n d  n o is e  and  t h e i r  e f f e c t  on 
a c o u s t i c a l  p e rfo rm a n c e  a r e  a l s o  d is c u s s e d  on a  q u a l i t a t i v e  b a s i s .
An e x t e n s i v e  s u r v e y  o f  t h e  l i t e r a t u r e  on th e  s u b j e c t  was m ade, r e v e a l i n g  th e  
t o t a l  a b s e n c e  o f  a n y  a n a l y t i c a l  a p p ro a c h  t o  t h e  p ro b le m . U sing  th e  f i n d in g s  
o f  v a r io u s  r e s e a r c h e r s  i n  t h e  f i e l d  a n  a n a l y t i c  a p p ro a c h  t o  t h e  p ro b le m  i s  
d e v e lo p e d .
The w hole  a p p ro a c h  i s  c e n t e r e d  on  th e  u s e  o f  a  d i g i t a l  co m p u te r c a p a b le  a f  
c o m p il in g  F o r t r a n  IV p rog ram m es. I n  o r d e r  t o  k e e p  th e  w hole  sy s te m  a s  f l e x i b l e  
a s  p o s s i b l e  a  s e t  o f  s u b r o u t in e  program m es i s  d e v e lo p e d , c o v e r in g  a  num ber 
o f  d e s ig n  c a s e s .
The d e s ig n  p ro b lem  i s  r e d u c e d  t o  d e f in i n g  a  r e f l e c t i v e  s u r f a c e  i n  s p a c e  and  
l o c a t i n g  a n y  num ber o f  a d d i t i o n a l  p o in t s  on i t  t o  c o v e r  a  s p e c i f i c  a r e a  i n  th e  
a u d ie n c e .
Two w orked  o u t  f-sam ples a r e  in c lu d e d  to  i l l u s t r a t e  t h e  u s e  o f  t h e  p rog ram m es.
A C K N O W L E D G E M E N T S
T he a u th o r  i s  in d e b te d  t o  P r o f e s s o r  H .E . H an rah a n  f o r  h i s  in v a lu a b l e  
g u id a n c e  i n  th e  p r e p a r a t i o n  o f  t h i s  p a p e r .
CONTENTS PAGE
1 . INTRODUCTION ................................................................................................................... 1
2 .  DEVELOPING AN APPROACH TO THE DESIGN OF REFLECTIVE SURFACES 6
3 .  DERIVATION OF ANALYTIC RELATIONS...................................................................  10
4 .  COMPUTER SUBROUTINES .......................................................................................  2 it
5 -  ILLUSTRATIVE EXAMPLES.............................................................................................  26
6 .  CONCLUSIONS.....................................................................      40
APPENDIXES
I  EXPLANATION FOR 3 . i t . i t . 1 ( i )
I I  EXPLANATION FOR 3 . i t . 4 .2  ( i )
I I I  SUBROUTINE FIPAM
IV SUBROUTINE FIPZV
V SUBROUTINE FIPXV
V I SUBROUTINE ANYPT
V II  CALLING PROGRAMMES
0  INTRODUCTION
The one g e n e r a l l y  a c c e p te d  f a c t  t y p i f y in g  a c o u s t i c a l  d e s ig n  i s  t h a t  
f o r  a n y  s o l u t i o n  p r e s e n te d  to  an  a c o u s t i c a l  p ro b le m , a t  l e a s t  one 
condem ning  o p in io n  c an  b e  fo u n d . E s s e n t i a l l y  t h e n ,  t h e  s u c c e s s  o f  a 
s o l u t i o n  i s  d e te rm in e d  by th e  d e g re e  o f  a c c e p ta n c e  i t  m e e ts  w i th .
The d e s ig n  m ethod  c an  b e  r e d u c e d  t o  t h e  d e te r m in a t io n  o f  w h at th e  
m a jo r i t y  r e g a r d s  a s  d e s i r a b l e  and  t r a n s l a t i n g  t h e - c  r e q u i r e m e n ts  i n t o  
p h y s i c a l  t e r m s .
R e g a r d le s s  o f  w nat t h e s e  d e s i r a b l e  p r o p e r t i e s  t u r n  o u t  t o  b e ,  t h e i r  
p h y s i c a l  e q u iv a l e n t s  i n e v i t a b l y  le a d  t o  c o n t r a d i c t i o n s  c a l l i n g  f o r  a 
c o m prom ise . A t t h i s  s ta g e  o f  th e  d e s ig n  th e  d e s ig n e r  c a n n o t  r e t u r n  
t o  t h e  m a jo r i t y  o p in io n ,  b e c a u se  m ore o f t e n  th a n  n o t  th e y  a r e  n o t  i n  
a  p o s i t i o n  t o  ju d g e  due to  la c k  o f  u n d e rs t a n d in g  and  k n o w le d g e . 
T r a n s l a t i n g  d e s i r a b l e  p r o p e r t i e s  i n t o  p h y s i c a l  r e q u ir e m e n ts  p o se s  
th e  b ig g c s t s  s i n g l e  p ro b lem , a s  t h e  p h y s io l o g ic a l  and  p s y c h o lo g ic a l  
M echanism s in v o lv e d  a r e  n o t  f u l l y  u n d e rs to o d  a t  -.11 . W ith  t h e  b e h a v io u r a l  
s c i e n c e s  th e m s e lv e s  i n  t h e i r  in f a n c y  i t  i s  q u i t e  c l e a r  t h a t  an enorm ous 
am ount o f  r e s e a r c h  i s  s t i l l  t o  be done b e f o r e  e x a c t  s o l u t i o n s  c a n  be  
o b ta in e d .  P r o g r e s s  i n  t h e  f i e l d  o f  a c o u s t i c a l  t e c h n o lo g y  h a s  be en  
s lo w  com pared  to  o th e r  te c h n o lo g i e s  a n d  i s  m o s t ly  th e  r e s u l t  o f  r e s e a r c h  
do n e  by  a c o u s t i c  c o n s u l t a n t s ,  u n i v e r s i t i e s  and  a  few  gove rn m e n t i n s t i t u ­
t i o n s .  C o n s id e r in g  th e  l im i t e d  fu n d s  a v a i l a b l e  ho w ev e r, t h e  d e v e lo p m e n t 
g a in e d  h a s  b e e n  s u b s t a n t i a l .
1 .1  I m p o r ta n t  p a ra m e te r s  i n  a c o u s t i c a l  d e s ig n  o f  .m d i t o r i a :
T h e re  a r e  s e v e r a l  p h y s i c a l l y  m e n su re n b le  p a ra m e te r s  w h ich  c an  be  
d e te r m in e d  in  th o  d e s ig n  s ta g e  t o  f a l l  w i th in  c e r t a i n  l i m i t s .  An 
e x c e l l e n t  r e f e r e n c e  i s  a b ook1 by  B e ran c k  g iv in g  an  o v e r a l l  p i c t u r e  
o f  w h at i s  i n v o lv e d .  I n  t h o  f o l lo w in g  an  a t te m p t  i s  mode t o  g iv e  
a  g e n e r a l  v iew  o f  th o s e  p a ra m e te r s  c o n c e rn in g  th e  v i t a l  i s s u e s  in  
t h o  a c o u s t i c a l  d e s ig n  o f  n u d i t o r i a .  T h is  i s  done w i th  t h e  s p e c i f i c  
o b j e c t  i n  m ind o f  g iv in g  a  f a i r  d e f i n i t i o n  o f  th e  r e l e v a n t  p a ra m e te r s  
in v o lv i n g  th e  d e s ig n  o f  r e f l e c t i v e  p a n e l s .
1 .1 .1  R e v e r b e r a t i o n / .
I1 .1 .1  R e v e r b e r a t io n  tim e
T h is  i s  m o st p r o b a b ly  th e  b e s t  kno im  a n d  m o st im p o r ta n t  s i n g l e  
p a ra m e te r  i n  a c o u s t i c  d e s ig n .  The c a l c u l a t i o n  and  d e f i n i t i o n  
o f  r e v e r b e r a t i o n  tim e  was d e te rm in e d  from  s t a t i s t i c a l  r e v e r b e r a t i o n  I
t h e o r y  bg  J a g t - r , 2  Sabine ,"*  N orris**  and  o t h e r s . I n  1958 I
K u t t r u f f  p r e d i c t e d  t h e  c h a r a c t e r i s t i c  b o n d in g  o f  th o s e  c u rv e s  i n  i
a  t h e o r e t i c a l  a n a l y s i s .  As f o r  th e  c a l c u l a t i o n  o f  r e v e r b e r a t i o n  ;
tim e s  i n  a c t u a l  n u d i t o r i a ,  E u ran e k  show ed^ t h a t  c a l c u l a t i o n s  b a s e d  
o n  an  n r e a  b a s i c  r a t h e r  t h a n  a p e r  p e r s o n  b a s i s  y i e l d  a  c l o s e r  ,
a p p ro x im a tio n  t o  m e asu re d  v a l u e s .
I n  m e a su r in g  r e v e r b e r a t i o n  tim e s  th e  u s u a l  m ethod  em ployed  i s  to  
u s e  random  n o is e  i n  c o n ju n c t io n  w ith  one  t h i r d  o c ta v e  band  f i l t e r s  
a n d  r. l o g a r i t h m ic  r e c o r d e r . The e x a c t  fo rm  o f  t h e  d e la y  c u rv e s  
d e p en d  on th e  i n i t i a l  a m p li tu d e s  and p h a se  a n g le ?  o f  th e  s i g n a l s  
e x c i t i n g  th e  v a r io u s  n o rm al r e s o n a n t  mode*' o f  t h e  a u d i to r iu m .
Due to  t h e i r  m u tu a l  b e a t in g  a  d i f f e r e n t  c u rv e  w i l l  b e  o b t a in e d  
f o r  e a c h  t r i a l  b e c a u se  o f  d ie  ran d o m n e ss o f  t h e  e x i t a t i o n  s i g n a l .
T h is  phenom enon le a d s  t o  a  c o m p le te  m a sk in g  o f  m u l t i p l e  d e c a y  ,
r a t e s  an  m o st c a s e s .  :
S c h r o o d e r 10 p ro p o s e d  a  m ethod  to  o b t a in  th e  en sem b le  a v e r a g e  o f  an  
i n f i n i t e  member o f  m e asu re m en ts  i n  6  s i n g l e  m e asu re m en t. K u t t r u f f  e t  a l  , 
u s in g  th e  same p r i n c i p l e ,  p ro p o se d  a  s im p le  e x p e r im e n ta l  m ethod  
g iv in g  th e  same r e s u l t s .  U sing  t h i s  m ethod  a c c u r a t e  r e p e a t a b l e  
r e s u l t s  a r e  o b t a in e d  r e v e a l i n g  th e  e x a c t  n a tu r e  o f  d e c a y  c u r v e s .
I t  h a s  lo n g  boon a g re e d  a m ongst w r i t e r s
t e n  t o  tw e n ty  d e c ib e l s  o f  th e  d e c a y  c u rv e  i s  e x tre m e ly  im p o r ta n t  !
i n  d e te r m in in g  th e  a c o u s t i c a l  c h a r a c t e r  o f  a u d i t o r i a .  F o r  recom ­
m ended d e s ig n  v a lu e s  o f  r e v e r b e r a t i o n  t im e s  r e f e r e n c e s  ( l )  and  (1 3 )  
s h o u ld  b e  c o n s u l t e d .  I n  g e n e r a l  any  a c t i v i t y  r e q u i r in g  h ig h  ]
d e f i n i t i o n  r e q u i r e s  n s h o r t e r  r e v e r b e r a t i o n  t im e ,  e . g .  sp e e c h  an ti \
cbam bof m u s i c .  L o n g er  r e v e r b e r a t i o n  tim e s  a r e  r e q u i r e d  t o  c r e a t e  i
a / .
a  b le n d e d  l i n g e r i n g  sound  -  su c h  ns n e ed e d  f o r  R o m an tic  m u s ic . 
A n o th e r  .im p o rta n t f a c t  i s  t h a t  th e  r e v e r b e r a n t  sound  c h a r a c t e r i s e s  
t h e  t o n a l  b a la n c e  i n  an  a u d i to r iu m . S t u d io s  by W a tte r s  and 
S c h u l t z  ^ c o n f irm e d  by  S o s s .lc r  and  W cst1^  i n d i c a t e  a s e r i o u s  
d e f i c i e n c y  in  low  f re q u e n c y  sound  p a s s in g  a t  o r  n e a r  g r a z in g  
in c id e n c e  o v e r  an  a u d ie n c e .  From t e s t s  p e rfo rm e d  by  D cran e k 11 
i t  i s  e v id e n t  t h a t  th e  m is s in g  l . f .  com ponent i s  f u r n i s h e d  by th e  
r e v e r b e r a n t  so u n d  f i e l d .  A s t r o n g  low  f re q u e n c y  com ponent i n  th e  
r e v e r b e r a n t  s o u n d  f i e l d  c a n  o n ly  b e  o b t a in e d  w i th  a  lu n g  low 
fre q u e n c y  r e v e r b e r a t i o n  t im e .  I f r i c h  b a s s  i s  d e s i r e d ,  c a r e  s h o u ld  
b e  ta k e n  to  e n s u re  l i t t l e  a b s o r p t io n  a t  low  f r e q u e n c ie s .
1 . 1 . 2  E a r ly  sound
The te rm  'e a r l y  s o u n d ' a s  u s e d  h e re  r e f e r s  t o  th e  d i r e c t  sound  
p lu s  any  r e f l e c t i o n s  a r r i v i n g  w i th in  th e  f i r s t  40 m .s .  o r  s o .  The 
e x a c t  l i m i t  v a r i e s  from  o u t p e r s o n  to  th e  n e x t  due  t o  i n d iv i d u a l  
d i f f e r e n c e s .  The l i m i t  o f  40 m .s .  i s  h o w ev e r, a  c o n s e r v a t iv e  o n e .
I t  is, g e n e r a l l y  a g re e d  t h a t  a  l i s t e n e r  r e l i e s  on e a r l y  sound  f o r  
c l a r i t y  a n d  d e f i n i t i o n ,  o b t a in in g  t h i s  in f o r m a t io n  from  th e  m id d le  
and  h ig h e r  r e g i s t e r s  a s  h e ?  b e en  shown by  B e ran e k  and S c h u l t z 1*1.
The r a t i o  b e tw ee n  r o v e r b c r a i  t  and  d i r e c t  so u n d  s h o u ld  be c a r e f u l l y  
a d ju s t e d  f o r  optim um  b lo n d  a s  d i c t a t e d  by th e  ty p e  o f  a c t i v i t y .
F o r  s p e e c h  a p p l i c a t i o n s  maximum c l a r i t y  i s  d e s i r e d  r e q u i r in g  a s  
much e a r l y  so u n d  a s  p o s s i b l e .  M usic w ould r e q u i r e  s o m e th in g  i n -  
b e tw ee n , d e p en d in g  on th e  ty p o .
O b v io u s ly  t h e r e  a r c  l i m i t s  t o  w hat c a n  b e  a c h ie v e d  w ith  a  g iv e n  
r e v e r b e r a t i o n  t im e .  F o r  e x am p le , r e a s o n a b l e  d e f i n i t i o n  c o u ld  be 
o b ta in e d  w ith  a  lo n g  r e v e r b e r a t i o n  tim e  (tw o  s e c o n d s )  by  u s in g  
o v e rh e a d  r e f l e c t o r s .  T hose  w ould  s t r e n g th e n  th e  e a r l y  sound  
w h ile  a t  th e  same tim e  's t a r v i n g '  t h e  r e v e r b e r a n t  so u n d  f i e l d .
D e s i r a b l e  r a t i o s  o f  r e v e r b e r a n t  t o  e a r l y  so u n d  e n e rg y  a r e  g iv e n
- 4 -
i n  r e f e r a : . c e  14 , p . 3 1 2 , From th e  r e s u l t s  o f  t e s t s  p e rfo rm ed  
and  r e p o r t e d  i n  t h e  same p a p e r ,  i t  seem s t h a t  t h i s  e n e rg y  
r a t i o  i s  r a t h e r  c r i t i c a l  i n  d e te r m in in g  th e  am ount o f  'r u n n in g  
l i v e n e s s '  a s  d e f in e d  in  r e f e r e n c e  1 , p . 2 3 .
1 .1 .3  M asking
I n  a  p a p e r  M a rs h a l l  d e te rm in e d  e a r l y  r e f l e c t i o n  m ask ing  by 
u s in p  d a t .i  from  S c h u b c r t1^ , W a tte r s  o t  a l 1^ and  B o l t  e t  n l ^ .
Xlie r e s u l t s  o b ta in e d  c l e a r l y  i n d i c a t e  t h a t  i n  a  w ide  h a l l ,  
o v e rh e a d  r e f l e c t i o n s  p r e c e d e  l a t e r a l  o n e s and  c o n s e q u e n tly  
mask them  c o m p le t e ly .  I n  a lo n g  r e c t a n g u l a r  h a l l  t h e  l a t e r a l  
r e f l e c t i o n s  p r e c e d e  th e  o v e rh e a d  o n e s and  none o f  th e  p r i n c i p a l  
r e f l e c t i o n s  a r e  m a sk ed . D a ta  tro ra  S c h u b e r t1® i n d i c a t e s  t h a t  t h e  
m a sk in g  t h r e s h o l d  f o r  l a t e r a l  r e f l e c t i o n s  n o rm al t o  th e  p r i n c i p a l  
so u n d  i s  a p p ro x im a te ly  t e n  d e c ib e l s  lo w e r  th a n  t h a t  f o r  sound  
a r r i v i n g  from  th e  came d i r e c t i o n  a s  th e  d i r e c t  so u n d . Com bin ing  
t h e s e  f a c t s ,  M a rs h a l l  d raw s th e  c o n c lu s io n  t h a t  th o s e  phenom ena 
a r e  r e s p o n s i b l e  f o r  t h e  s u p e rb  a c o u s t i c s  o f  lo n g  r e c t a n g u l a r
The r i c h  b o s s  fo u n d  in  t h e s e  h a l l s  i s  th e n  e x p la in e d  a s  f o l lo w s '.
The i n c i d e n t  a n g le  o f  t h e  l a t e r a l  r e f l e c t i o n s  on th e  a u d ie n c e  
i s  s o  l a r g e  t h a t  th e  low  f re q u e n c y  a t t e n u a t i o n 1'*’ 1^  by th e  
tvutiitinco i a  n o g l .  T h is  com bined  w ith  lo w e r  m ask ing  l e v e l s  
f o r  l a t e r a l  n o rm al sound  i s  ta k e n  to  a c c o u n t  f o r  th e  s t r o n g  low 
f re q u e n c y  com po iiun t. From th e  w ork o f  B o ra n ek  and  S c h u l t z 1^  i t  
i s  c l e a r  t h a t  s p e c t r a l  b a la n c e  i s  ju d g e d  from  th e  r e v e r b e r a n t  
so u n d  a n d  n o t  from  e a r l y  so u n d . I n  an  a t te m p t t o  c l a r i f y  th e  
r e a s o n s  f o r  t h e  s u p e rb  a c o u s t i c s  o f  lo n g  n a rro w  h a l l s ,  t h e  f o l lo w in g  
c an  b e  o b s e rv e d .
( i )  T he s k e l e t a l  r e f l e c t i o n s  i n  t h e  n a rro w  h a l l  a r e  unm asked
a n d  r e a c h  th e  ‘ i a t e n e r  w i th in  20  t o  40  m s. a f t e r  th e  d i r e c t  
so u n d . I n  t h e  w ido h a l l , m o st o f  t h e  r e f l e c t i o n s  a r e  m asked
a n d  th o s e  t h a t  a r e  n o t ,  r o a c h  th e  l i s t e n e r  w i th in  40 t o  
6 0  m s. a f t e r  t h e  d i r e c t  so u n d . The e a r l y  sound  w ould  
t '  s r e i o r e  b e  much lo u d e r  i n  t h e  n a rro w  h a l l , g iv in g  a  
b e t t e r  b a la n c e  o f  t h e  e a r l y  s o u n d  to  r e v e r b e r a n t  so u n d  
e n e r g y  r a t i o  a l r e a d y  m e n tio n e d . I n  th e  n a rro w  h a l l  t h e r e  
w ou ld  a l s o  b e  s h o r t  t im e - d e l a y  e a r l y  r e f l e c t i o n s  e s s e n t i a l  
f o r  good d e f i n i t i o n  a s  show n by  B o ra n ek 1 .
( i i )  As show n by  von B e k c s y ^  b a ck w ard  i n h i b i t i o n  o c c u r s  when 
a  r e f l e c t i o n  r o a c h e s  t h e  l i s t e n e r  a b o u t  60  m s. a f t e r  t h e  
d i r e c t  so u n d . The n e t t  e f f e c t  i s  a  r e d u c e d  p e rc e iv e d  
lo u d n e s s  and  an  in c r e a s e  i n  th e  s i z e  o f  th e  sound  im age 
p ro d u c e d  by  th e  d i r e c t  so u n d . The l ik e ly h o o d  f o r  su c h  
r e f l e c t i o n s  to  o c c u r  i n  t h e  w id e  h a l l  i s  a  l o t  g r e a t e r  
t h a n  in  th e  n a rro w  h a l l .
. 1 . 4  N e g a tiv e  a t t r i b u t e s
One o f  t h e  b a s i c  r e q u i r e m e n ts  f o r  good a c o u s t i c s  i s  t h e  t o t a l  
a b s e n c e  o f  e c h o e s ,  so u n d  f o c u s s i n g ,  unw an ted  n o i s e ,  e t c .  I f  
t h e s e  a r e  p r e s e n t  th e y  c an  o n ly  im p a i r  t h e  a c o u s t i c a l  p e r f o r ­
m ance o f  a  h u l l .
2 . 0  DEVELOPING/.
3 .0  DEVELOPING AN APPROACH TO DIB DESIGN OF REFLECTIVE SURFACES
C o n s id e r in g  th e  o v e r  i n c r e a s in g  a u d ic n c e  num bers and  d i v e r s i t y  o f  
u s e s  an  a u d i to r iu m  i s  p u t  t o ,  i t  h a s  become a  n e c e s s i t y  t o  p r o v id e  
some m eans o f  a d j u s t i n g  th e  a c o u s t i c s  o f  a  p ro p o s e d  a u d i to r iu m . As 
th e  optim um  c o n d i t i o n ?  f o r  s a y  m u s ic  c o n c e r t s , d i f f e r  c o n s id e r a b ly  
from  th o s e  f o r  a  p l a y ,  th e  b e s t  t h a t  c an  b e  a c h ie v e d  w ith o u t  a d j u s t a b i ­
l i t y  i s  a  b a d  coraprom i .
One o f  t h e  b a s i c  r e q u ir e m e n t*  f o r  any  ty p o  ox a c t i v i t y  i s  a  p r o p e r  
s t a g e  e n c l o s u r e . F o r  e x am p )e , d u r in g  c o n c e r t  p e rfo rm a n c e s  a  r i g i d  
e n c lo s u r e  a n d  o v e rh e a d  r e f l e c t o r s  w ould  b e  r e q u i r e d  t o  r e f l e c t  ft w e l l  
b a la n c e d  so u n d  i n t o  t h o  h a l l .  T h is  e n c lo s u r e  a l s o  a id s  th e  v a r io u s  
s e c t i o n s  o f  th e  o r c h e s t r a  i n  h e a r in g  eac h  o th e r  b e t t e r  r e s u l t i n g  i n  
a  b e t t e r  e n s e m b le . G e n e ra l  d e t a i l s  f o r  s u i t a b l e  e n c lo s u r e s  can  be 
fo u n d  i n  r e f e r e n c e s  18 a n d  19 .
I n  t h e  p a s t  m o st o f  th n  e f f o r t  i n  p r o v id in g  a d j u s t a b i l i t y  w en t i n to  
r e v e r b e r a t i o n  c o n t r o l .  I n  o n e  c a s e ,  t h a t  o f  th e  O b e r l in  c o n s e r v a to r y  
f o r  m u s ic ,  u s e  i s  made o f  6  000  s q u a re  f e e t  o f  a d ju s t a b l e  c u r t a i n ,  
r e s u l t i n g  i n  ft r e v e r b e r a t i o n  tim e  a d ju s tm e n t  r a n g e  o f  1 ,2  t c  2 ,3  s e c o n d s .
I n  th e  r e c e n t  p a s t  h o w ev e r, a  new m ethod  h a s  be en  p ro p o s e d  by  B e ran e k  and 
S c h u l tz .^ 1.  The m e thod  c o n s i s t s  o f  v a ry in g  th e  r a t i o  b e tw een  r e v e r b e r a n t  and  
e a r l y  so u n d  e n e rg y  by  c h a n g e s  i n  an  a r r a y  o f  o v e rh e a d  p a n e l s . As th e  
e f f e c t i v e  r a n g e  o v e r  w h ich  t h i s  r a t i o  h a s  t o  be v a r i e d  t o  o b t a in  th e  
d e s i r v d  e f f e c t  i s  v e ry  n a rro w , i t  o f f e r s  an i n t e r e s t i n g  p o s s i b i l i t y .
By r e l a t i v e l y  s m a ll  chatifios o f  t h i s  r a t i o ,  l a r g e  accom pany ing  c h an g e s  
i n  s o u n d  q u a l i t y  a r e  o b t a i n e d . ^
By c h i'w V n g  t h u  num ber o f  o v e rh e a d  p a n e l s ,  tw o p a ra m e te r s  a r e  a f f e c t e d .
( i )  • • p o r t i o n  o f  th e  so u n d  e n e rg y  rc v t in tu d  by th e  s o u r c e ,  w h ich  w ould
n o r m a l ly  e x c i t e  th o  r e v e rb e ra n t ,  sound  f i e l d  i s  ch an g e d . N ot o n ly  
c a n  th e  r e v e r b e r a n t  so u n d  f i - l d  tie  " s t a r v e d "  b u t  th e  r e v e r b e r a t i o n  
c u rv e s  c an  be. made t o  c x h i b i ' a  d u a l  s l o p e .  A f a s t  i n i t i a l  d ro p
p o i n t i n g / .
p o in t i n g  to  s h o r t  r e v e r b e r a t i o n  tim e  and  a  lo w e r  s lo p e  i n d i c a t i n g  
th e  n o rm al r e v e r b e r a t i o n  o f  t h e  h a l l .  As a l r e a d y  d is c u s s e d  th e  
r e v e r b e r a t i o n  im p r e s s io n  i s  l a r g e l y  con v ey e d  b y  th e  f i r s t  10 to  
15 d e c i b e l s  o f  t h e  d e c a y .
i i )  The e a r l y  so u n d  e n e r g y  i s  c h a n g e d . B e ca u se  b o th  p a ra m e te r s
f e a t u r i n g  i n  th o  e n e r g y  r a t i o  a r e  e f f e c t e d ,  t h e  r a t i o  w ould  be 
v e ry  s e n s t i v e  t o  c h a n g e s  i n  t h e  num ber o f  p a n e l s .
De s ig n  o b .ifsc t:
Any d e s ig n  p r o c e s s  i n v o lv in g  o v e rh e a d  r e f l e c t o r s  h a s  b e e n  m o s t ly  
e m p i r i c a l , a n d  i s  u s u a l l y  c o m p le te d  b y  c u t  a n d  t r y .  The " tu n in g "  
o f  B o s to n  Symphony h a l l 1 can  b e  c i t e d  a s  a n  e x c e l l e n t  exam p le  -  in  
t h i s  c a s e  u s e  was madn o f  h ig h ly  d i r e c t i o n s 1 lo u d s p e a k e r s  t o  e l im in a t e  
d e ad  s p o t s . A n o th e r  f a c t  e m erg in g  from  th e  a v a i l a b l e  l i t e r a t u r e  i s
t h a t  m o s t w o rk e rs  i n  th o  f i e l d  a r e  som ew hat s e c r e t i v e  a s  t o  t h e  e x a c t
m e th o d s  e m p lo y ed .
By u s in g  a  s y s t e m a t i c  a p p ro a c h  in v o lv in g  a  d i g i t a l  c o m p u te r , th e  
p o s i t i o n s  a n d  d im e n s io n s  o f  a  s e r i e s  o f  p a n e ls  c an  bo d e te rm , .oti 
w h ic h  w i l l  c o v e r  any  s e c t i o n  o f  th e  a u d ie n c e  a s  d e s i r e d .  T h e re  a re  
ouch a  v a s t  num ber o f  p o s s i b i l i t i e s  t h a t  o n ly  g e n e r a l  g u id e l in e s
D o sin n  C o n s id o r a t io n m
A num ber o f  im p o r ta n t  f a c t o r s  in v o lv e d  in  th e  d e s ig n  o f  r e f l e c t i v e  
p a n e l s  a r e  c o n s id e r e d  in  a n  a t te m p t  I i  g iv e  th e  d e s ig n e r  some b a c k ­
g ro u n d  tmd id e a s  f o r  h i s  p a r t i c u l a r  d e s ig n .
. 2 .1  S ia n  o f  p a n e ls
The r e f l e c t e d  so u n d  ro a c h iin j  th o  l i s t e n e r  neod  n o t  c o n ta in  low 
i ,  o q u e n cy  c om ponen ts  a s  t h e y  a r e  n o t  n e c e s s a r y  f o r  good 'i u f iu i t io i '^ '" ' '.
T h e / .
The l i s t e n e r  r e l i e s  on th e  r e v e r b e r a n t  so u n d  f o r  s p e c t r a l  
b a l a n c e  judg em nnk , t h e  r e f l e c t e d  sound  s e r v i n g  th e  p u rp o se  o f  
r o i u r o r c i n o  th e  e a r l y  s o u n d  a n d  p r o v id in g  s h o r t  t im e - d e l a y  
r e f l e c t i o n s  i f  th e s e  a r c  a b s e n t  i n  th e  n o rm al h a l l .  T hese  
a ssum ption®  l i m i t  -h e  s i z e  o f  t h e  p a n e ls  t o  t h a t  r e q u i r e d  f o r  
r e f l e c t i n g  t h e  lo w e s t  f re q u e n c y  o f  i n t e r e s t  s a t i s f a c t o r i l y .
I f  f i v e  h u n d re d  h e r t z  i s  ta k e n  a s  th e  lo w e r  l i m i t ,  th e  s h o r t e s t  
d im e n s io n  i s  a b o u t  f o u r  f e e t .  S t u d ie s  by  W iener22  show  t h a t  thci 
s m a l l e s t  d im e n s io n  s h o u ld  nob bo l e s s  th a n  10/K  w here  K = 2TT/A . 
T iio so  l i m i t s  a r e  n o t  a b s o lu t e  and th e  t r a n s i t i o n s  in v o lv e d  a r e  
b y  no m eans a b r u p t  i n  n a tu r o .
By p l a c in g  th e  p a n e ls  e lo s e  t o  th e  s o u r c e  t h e i r  a r e a  w i l l  be 
s m a l l e r  f o r  t h e  same a u d ie n c e  a r e a  c o v e ra g e  a s  th e y  r e f l e c t  
a  l a r g e r  s o l i d  - in g le  o f  th e  r a d i a t e d  so u n d . The s i z e  i s  how ever 
a l s o  depA i'dnn t on th e  t im c - d e l a y  r e q u i r e d .  I n  some c a s e s  th e  
p o s i t i o n s  o f  t h e  p a n e ls  may bo l im i t e d  by  p r a c t i c a l  c o n s id e r a t i o n s  
s u c h  >•-'5 f o c s i b l e  p o s i t i o n s  i n  a n  e x i s t i n g  h a l l .
The Munibet o f  p a n e l s  r e q u i r e d  w i l l  depend  mi th e  buK inco  b e tw ee n  
e a r l y  and  r e v e r b e r a n t  so u n d  e n e r g y » w h ich  w i l l  i n  t u r n  b e  d e t e r ­
m in e d  by  th e  ty p e  o f  a p p l i c a t i o n .  F o r  d e t a i l s  B oivm ek1 and 
U ornnok  e t  s h o u ld  b e  c o u a u l t c t i .  P r e d i c t i o n s  o f  t h e s e  r a t i o s
f a l l  bey o n d  th e  s c o p e  o f  t h i s  w ork , b u t  th e y  c o u ld  b e  m e asu re d  and 
c lxaucod  w i th o u t  m a jo r  r e c o n s t r u c t i o n s  i f  c h an g e s  o re  a n t i c i p a t e d  a t  
t h e  d o n ig n  s t a g e .
2 . 2 . 2  D iv i s i o n  o f  m u tio n m  a re a
I n  a l l  b u t  t h e  s im j i lo s t  e a s e s  th e  a u d ie n c e  a r e a  w i l l  h av e  to  be 
s u b d iv id e d  i n t o  s m a J lc r  a r e a s  w hich  c an  b e  a p p ro x im a te d  a s  f l a t  
s u r f a c e s . '  H t'v ing  made t h i s  d iv i s i o n  th e  d e s ig n e r  c an  p ro c e e d  by 
c a l c u l a t i n g  th e  p o s i t i o n  .. .ti s i z e  o f  e a c h  c o r r e s p o n d in g  r e f l e c t o r  
t a k in g  i n t o  a c c o u n t  a l l  r e l e v a n t  f a c t o r s .
A s /.
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As th e  d e la y  tim e  c an  v a ry  o v e r  a  r e a s o n a b l e  r a n g e  w i th o u t  any 
a p p r e c i a b l e  ch an g e  i n  a c o u s t i c a l  e f f e c t ,  t h e  d e s ig n e r  n e e d  n o t  
b e  t o o  c o n c e rn e d  a b o u t  a p p ro x im a tin g  a  c u rv e d  a u d ie n c e  a re a  
w i th  a  num ber o f  f l a t  s u r f a c e s .
. 2 . 3  C h o ic e  o f  s u b r o u t in e
I n  t h e  n e x t  s e c t i o n  a  num ber o f  s u b r o u t in e s  f o r  u se  w ith  a  d i g i t a l  
c o m p u te r  p r  "vairurve a r e  d e r iv e d ,  d i f f e r i n g  o n ly  i n  t h e  p a ra m e te r s  
w h ich  a r e  ikon  t o  b e  f i x e d  f o r  a  s p e c i f i c  d e s ig n  c a s e .  From th e  
e x p la n a t io n s  a ccom pany ing  th e  d e r i v a t i o n ,  th e  d i f f e r e n t  c a s e s  
a r e  c l e a r l y  d e f in e d .
B a s i c a l l y  t h e  a p p ro a c h  c o n s i s t s  o f  d e f in i n g  th e  r e f l e c t i v e  s u r f a c e  
a s  a  p la n e  i n  sp a c e  b y  f i x i n g  i t s  a n g le  a n d  c a l c u l a t i n g  one  p o in t  
on  i t .  Once th e  p la n e  h a s  be en  d e f in e d  a n y  num ber o f  p o in t s  on i t .  
c o r r e s p o n d in g  t o  p o in t s  i n  t h o  a u d ie n c e  c an  b e  c a l c u l a t e d .  The 
p o i n t s  o b t a in e d  i n  t h i s  way w i l l  t h e n  a u to m a t i c a l l y  d e te rm in e  th e  
s i z e  o f  t h e  r e f l e c t o r .
3 . 0  DERIVATION/.
3 . 0  DERIVATION OF ANALYTIC RELATIONS
3 .1  A s su m p tio n s :
I n  o r d e r  t o  s im p l i f y  t h e  p ro b lem  > w o rk a b le  p r o p o r t i o n s ,  th e  
f o l lo w in g  a s s u m p tio n s  a r e  made:
( i )  The so u n d  s o u r c e  i s  a  p o in t  s o u r c e  e m i t t i n g  s p h e r i c a l  sound
( i i )  The d im e n s io n s  o f  th e  r e f l e c t o r  a r e  su c h  t h a t  t h e  sound
o f  i n t e r e s t  i s  r e f l e c t e d  l i k e  an  o r d in a r y  l i g h t  beam o f f  
an  o p t i c a l  r e f l e c t o r .
( i i i )  The t im e  d i f f e r e n c e  b e tw ee n  d i r e c t  a n d  r e f l e c t e d  so u n d  s h o u ld  
s t a y  a s  c o n s t a n t  a s  p o s s i b l e  f o r  t h e  b e s t  r e s u l t s .
3 - 2  R e q u ir e m e n ts :
F o r  a  g iv e n  s o u r c e  and  s  g iv e n  t a r g e t  p o in t  i n  +he a u d ie n c e  a r e a ,  
a l l  p o s s i b l e  r e f l e c t i n g  p o in t s  m u st s a t i s f y  th e  f o l lo w in g  c o n d i t i o n s :
( i )  The t a n g e n t  t o  t h e  r e f l e c t i v e  s u r f a c e  a t  t h e  p o in t  o f  r e f l e c ­
t i o n  i s  su c h  t h a t  th e  a n g le  o f  in c id e n c e  i s  e q u a l  t o  t h e  e x i t
( i i )  To y i e l d  a  c o n s t a n t  tim e  d e la y  b e tw ee n  r e f l e c t e d  and  d i r e c t  
s o u n d , t h e  p a th  d i f f e r e n c e  m u st b e  a c o n s t a n t .
( i i i )  To o b ta in  a  c o n tin u o u s  c u rv e  o f  r e f l e c t i n g  p o in t s  f o r  s u c c e s ­
s i v e  t a r g e t  p o i n t s ,  e a c h  r e f l e c t i v e  p o in t  m u st b e  on a  c u rv e  
t h a t  i s  t a n g e n t  t o  t h e  lo c u s  o f  a l l  p o s s i b l e  r e f l e c t i n g  p o in ts  
f o r  e a c h  t a r g e t  p o i n t .
- The f i r s t  tw o  c o n d i t i o n s  a r e  m et when a l l  p o s s i b l e  r e f l e c t i o n  p o in ts
l i e  on  an  e l l i p s e ' ,  w ith  t h e  s o u r c e  and  t a r g e t  p o in t s  a s  th e  f o c a l
p o i n t s / .
p o in t ,  • t h i r d  c o n d i t io n  i r  m e t when th e  lo c u s  f o r  p o s s ib l e
r e f l e '  .• i t s  f o r  s u c c e s s iv e  t a r g e t  p o in t s  l i e  on th e  e n v e lo p in g
c u rv .  r  t h e  f a m i ly  o f  e l l i p s o i d s  o b ta in e d  f o r  s u c c e s s iv e  t a r g e t  
p o i n t s .
3 -3  P r a c t i c a l  c o n s i d e r a t i o n s :
The t h i r d  r e q u i r e m e n t  m e n tio n e d  above  r e s u l t s  i n  a  c u rv e d  r e f l e c t o r  
w h ic h  i s  n o t  c o n s id e r e d  d e s i r a b l e  f o r  t h e  f o l lo w in g  r e a s o n s :
( i )  A lth o u g h  th e  form  and  p o s i t i o n  o f  t h e  r e f l e c t o r  c a n  be d e t e r ­
m in e d  a c c u r a t e l y ,  i t  w ou ld  b e  c o s t l y  t o  make a n d  i n s t a l l .
( i i )  I f  t h e  tim e  d i f f e r e n c e  b e tw ee n  d i r e c t  and  r e f l e c t e d  sound
v a r i e s  w i th in  c e r t a i n  s p e c i f i e d  l i m i t s  t h e r e  i s  no  a p p r e c ia b le  d i f ­
f e r e n c e  i n  q u a l i t y .
( i i i )  A d ju s tm e n t o f  th e  d i r e c t  t o  r e v e r b e r a n t  so u n d  e n e r g y  r a t i o
w o u ld  becom e im p o s s ib le  due t o  t h e  c o m p le x i ty  o f  t h e  r e f l e c t o r s .
By a l lo w in g  th e  tim e  d i f f e r e n c e  t o  v a ry  w i th in  l i m i t s  f o r  a n y  one  s p e c i ­
f i c  r e f l e c t o r ,  th e  t h i r d  r e q u i r e m e n t  c an  b e  c h a n g e d . The r e f l e c t i v e  
p o i n t s  f o r  s u c c e s s iv e  t a r g e t  p o i n t s  c an  b e  f o r c e d  t o  l i e  on a  f l a t  
s u r f a c e  i f  d e s i r e d .  I t  was d e c id e d  t o  a d o p t  th e  f l a t  s u r f a c e  a p p ro a c h  
in  v iew  o f  t h e  tre m e n d o u s  s i m p l i f i c a t i o n .
The r e s u l t i n g  r e f l e c t i v e  s u r f a c e  c an  b e  t i l t e d  i n  tw o d i r e c t i o n s ,  b u t  
i t  was d e c id e d  t o  t i l t  i t  i n  o n ly  one d i r e c t i o n  a s  t h i s  l e a d s  t o  more 
s i m p l i f i c a t i o n  and  any  p o in t  i n  t h e  a u d ie n c e  a r e a  c an  b e  r e a c h e d  v i a  
su c h  a  r e f l e c t o r .
3 ./1  D e r iv a t io n  o f  e q u a t io n s :
3 . 4 . I  G e n e ra l  c o n s id e r a t i o n s
I t  w as d e c id e d  t o  u s e  c a r t e s i a n  c o - o r d in a t e s  w ith  t h e  c e n t r e  o f
t h e / .
t h e  s t a g e  a s  th e  o r i g i n  a s  t h e y  a r e  e a s y  t o  m e asu re  and  c o n v e n ie n t  
t o  e m p lo y . The u s u a l  sym bo ls  x ,  y  a n d  a  w ere  c h o se n  a s  show n i>. 
f i g u r e  1 .  The a n g le  o f  t i l t  was r e s t r i c t e d  t o  t h e  x - z  p l a n e .
SIDE ELEVATION
3 . 4 . 2  D e f i n i t i o n / .
3 * 4 .2  D e f i n i t i o n  o f  sym bo ls
The f o l lo w in g  sy m b o ls  w ere  u se d  i n  t h e  d e r i v a t i o n :
P a th  le n g th  d i f f e r e n c e  b e tw ee n  d i r e c t  and  r e f l e c t e d  
so u n d  t o  o b s e r v a t io n  p o i n t .
Time d i f f e r e n c e  b e tw ee n  a r r i v a l  o f  d i r e c t  and  r e f l e c t e d  
so u n d  a t  o b s e r v a t io n  p o i n t .
P r o p a g a t io n  v e l o c i t y  o f  so u n d  i n  a i r .
S u b s c r ip t  t o  d e n o te  a  p o in t  i n  t h e  a u d ie n c e  a r e a .  
S u b s c r ip t  t o  d e n o te  a  p o in t  on th a  r e f l e c t o r .
A n g le  a t  w hich  r e f l e c t o r  i s  t i l t e d .
3 - 4 .3  C o n s t a n t  tim e  d i f f e r
The d e f in i n g  e q u a t io n s  f o r  t h i s  a p p ro a c h  a r e  in c lu d e d  o n ly  f o r  
th e  s a k e  o f  c o m p le t e n e s s ,  b u t  a s  m e n tio n e d  e a r l i e r  t h i s  a p p ro a ch  
was n o t  e m p lo y ed .
By ta k in g  f o c a l  p o in t s  o f  th e  e l l i p s o i d  on w hich  a l l  p o s s ib l e  
r e f l e c t i v e  p o i n t s  l i e  a t  th e  o r i g i n  and  a s  t h e  ' t a r g e t '  p o in t  
i n  t h e  a u d ie n c e  a r e a ,  we have
(x s5! +ys2 + zs2 + ( ( x s - x p )8 + (y s -y p ) 8 ♦ (a s - z p ) *  1^ = ld+ (x p "  i-zp2 +yp3 )'"
The p o s s i b l e  t a r g e t  p o in t s  l i e  i n  th e  a u d ie n c e  a r e  on a  c u rv e  
d e f in e d  by  th e  s h a p e  o f  t h e  a u d ito r iu m  f l o o r .
f { x p ,y p ,7.p ) = 0    (2
E q u a t io n s  ( l )  a n d  (2 )  d e f in e  a  w hole  f a m i ly  o f  e l l i p s o i d s  op w hich  
a l l  p o s s i b l e  r e f l e c t i v e  p o in t s  l i e .  The d e s i r e d  r e f l e c t i v e  
s u r f r c e  i s  how ever t a n g e n t  t o  e a c h  member o f  th e  f a m i ly .  I t  c a n  be 
show n22 t h a t  t h e  e n c lo s in g  c u rv e  o f  su c h  a  f a m i ly  a s :  
f { x , y , z ,  o t j g )  -  w ith  °e and  p  th e  v a r i a b l e  p a ra m e te r s ,  i a  found
From th o s e  e q u a t io n s  i t  i s  p o s s i b l e  t o  d e r iv e  t h e  e q u a t io n  d e s c r ib in g  
th e  r e q u i r e d  r e f ’ ; t o r .
V a r ia b le  tim e  d e l a y  a p p ro a ch
The r e l e v a n t  e q u a t io n s  f o r  t h i s  c a s e  j
(x s8 + ys8 + as2 + ( ( x s - y p )8 + (y s -y p ) 8 + ( z s - z p ) a ^  = ld + (x p 8 +zp8 +yp2
(4
T h is  e q u a t io n  d e f in e s  t h e  e l l i p s o i d  on w hich  a l l  p o s s ib l e  r e f l e c t i v e  
p o i n t s  l i e .
By ta k in g
i n  ( 4 ) ,  we h a v e :
( x s 8 t y s 8 +r-a8 $ _________  _ -(x s+ in  ,z s )______
( ( x s - x p )8 + ly s - y p )8 + ( z s —/,p )8 ^  ( x s -x p )+ m (z s -z p )
T h is  e q u a t io n  f i x e s  t h e  a n g le  o f  t h e  t a n g e n t  a t  th e  p o in t  o f  
r e f l e c t i o n  on th a  e l l i p s o i d .  A s  m e n tio n e d  e a r l i e r  t h e  r e f l e c t i v e  
s u r f a c e  i s  t i l t e d  o n ly  i n  one d i r e c t i o n ,  t h e r e f o r e  we t a k e :
* 22 . . 0  i n  ( 4 ) :
t o ’ - t y . f W )1'1---------  . J s -    (6
( ( x s - x p )8 + ( y s - y p ) a + ( z s - a p ) *  T  y s - y p
E q u a t io n s / .
E q u a t io n s  (<*), ( 5 ) a n d  (G) d n f in e s  a  p o in t  on th e  e l l i p s o i d  w hich  
co n fo rm s  t o  a l l  t h e  r e q u ir e m e n ts  f o r  r e f l e c t i o n .  I t  i s  i n t e r e s t i n g  
t o  n o te  t h a t  t h e  t h i r d  d e r i v a t i v e  becom es i n f i n i t e  a s  i t
d e f i n e s  t h e  s lo p e  o f  an  i n f i n i t l y  s m a ll  p o in t  i n  th e  x -y  p la n e .
The s im u l ta n e o u s  s o l u t i o n  o f  th e  nbo v e m en tio n ed  e q u a t io n s  y i e l d :
th e  c o - o r d i n a t e s  o f  t h e  f i r s t  p o in t  on th e  p l a n e .  A t t h i s  s ta g e
i t  becom es n e c e s s a r y  t o  d i s t i n g u i s h  b e tw ee n  th r e e  p o s s i b i l i t i e s :
( i )  m a n d  t d  g iv e n .
( i i )  z s  a n d  tr l  g iv e n .
( i i i )  x s  a n d  t d  g iv e n .
3 .4 .4 .1  W ith  m and  td  s p e c i f i e d
S o lv in g  ( 4 ) ,  ( 5 ) and  (6 ) w ith  I d  >  0 , t h e  f o l lo w in g  i s  fo u n d :
z a _x s  f  (xp+m .?,p) ( (k3 -y p a )(ms -H ) - (xp-mi • z p )2 f  -fmCh2 -y p 2 ) ]
1 (xp+ iu .zp )2 -mB (ka -yp8 ) J
w h ere  k  = ld + (x p 8 h yp8 +zps f  
k8 - ( x p 8 +yp8 *?.pa )
2 ( ( vk8 -y p 8 ) ( l + k 28 ) f - ( k 2 .  z p + x p )}
( l+ m .k 2 ) 8 (xp8 +zp8 ) - ( l + k 28 ) (xp+ n i.zp )8__________
2 ( l+ m .k 2 ) ( (x p tz p  k 2 ) ( l+ m .k 2 ) -(x p + m .z p ) ( l+ k  ))
w h ere  k 2 = . . . .  from  (7 )
(k2"+l)* 1( v p ( l 4m .k3 ) I  
] (xp+ m .zp ) JI  (xp+ m .zp ) j  j_ (k2 _y l,3 f  j
E q u a t io n s  { ? ) ,  ( 8 ) and (9 )  r e p r e s e n t  th e  s o l u t i o n  f o r  t h i s  
c a s e ,  b u t  t h e  v a l i d i t y  o f  t h e  s o l u t i o n  f o r  a l l  v a lu e s  o f  
t h e  g iv e n  p a ra m e te r s  h a s  t o  be  e x am in e d .
B y /.
S in c e  ( a )  g iv e s  a  s o l u t i o n  w i th  th o  r e f l e c t o r  above 
th e  a u d ie n c e ,  t h i s  s o l u t i o n  i s  c h o se n .
As xp  m u s t b e  z e r o  i f  R and  m a r e ,  th e  s o l u t i o n  f o r  y s  w i l l  
becom e i n v a l i d  i f  R = m = 0 .  T h is  le a d s  t o  t h e  se co n d  s p e c i a l
( i i )  R = 0 ,  m = 0 , xp  = 0
(k* -y p 2 f2
an  "  .5  ( a p + (l^  -y p s ) f i
T h e s e  d i f f e r e n t  s o l u t i o n s  w ore  u s e d  i n  t h e  w r i t i n g  o f  a 
s u b r o u t in e  named 1FIPAM1 f o r  t h e  c a l c u l a t i o n  o f  th e  f i r s t  
p o i n t  on a  r e f l e c t o r  w i th  m and  t d  s p e c i f i e d .
3 . < i.4 .2  Wi t h  a s  and  t d  s p o r i f i o d
By ta lc in g  z s  = z v  i n  ( 4 ) ,  (5 )  and  (G ) , we o b ta in :
2 5  = xs± nwzv   d o )
JjCSJL ._ * £ + Z C .    ( ID
(y p )8 ks -y p a
( xs8 42V8 ) (yp8 - 2  y p .y s ) « y s a (zp 2 *xp2 - 2 (z v .z p + x s  .x p ) ) ( 1 2 )
S o l v in g / .
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S o lv in g  ( 1 0 ) ,  ( l l )  and  ( 1 2 ) s im u l ta n e o u s ly  f o r  y s ,  x s
_ l t l “ . x p - (  (k8 -m i3 ) ( k t >-h'/.v2 (k8 - (y p 2 +xi)3 ) )
2 (ks - ( y p 2 +xp2 ) )
where- k l  «  k  - ( x p a +zp2 +yp2 )+2 . z p . z
E q u a t io n s  ( 1 3 ) ,  ( i ' i )  a n d  (1 5 )  r e p r e s e n t  a  num ber o f  s o l u t i o n s  
u n d e r  c e r t a i n  c o n d i t i o n s . F u r th e r  i n v e s t i g a t i o n  show s w hich  
o f  thorn a r e  a p p l i c a b l e  u n d e r  w h at c o n d i t i o n s :
( i )  I f  D = (k8 -yp2 ) (kl*' -4 z v 8 (k8 - (y p 2 +xp8 ) )  5 0 ,  a  r e a l
s o l u t i o n  f o r  x s  e x i s t s .  I t  c an  bo show n * t h a t  D 2 0 , i f
+ l ( f  +21 d (x p s +yp2 +zp8 ? ^ )~ zv
. 5{zi>+(i'.pS + ld* f-21d (xps iy p 2 +zpE f f ) 2 z v
T h is  s im p ly  monns t h a t  th e  h e ig h t  ( z v )  c h o se n  f o r  
th e  r e f l e c t o r  m u st to u c h  o r  i n t e r s e c t  t h e  e l l i p s o i d  
th e  choflon  tim e  d e la y  ( t d ) .
( i  j ) F u r th e rm o re - , t h e  n e r ja t iv c  s ig n  in  ( 13 ) i s  a p p l i c a b l e  
t o  a  r e f l e c t i n ' )  p o in t  c l o s e s t  t o  th e  s o u r c e ,  y i e ld in g  
a  p o s i t i v e  m. 11. .is p o s s i b i l i t y  was c h o se n  f o r  u se  
i n  t h e  s u b r o u t in e  ns th e  n e n n t iv c  s ig n  y i e l d s  a  r e f l e c t o r  
f a r  I t  ora th e  s o u r c e  a t  a  n e g a t iv e  a n g le  w hich  c o u ld  
le a d  t o  u n n e c e s s a r y  c o n s t r u c t i o n a l  p ro b le m s .
P r o o f  i s  g iv e n  i n  A p pend ix  I I .
( i i i )  I n  (1 3 , Q = k* - (yp2 +xp* ) c a n  o n ly  be z e r o
( i v )  The p o s i t i v e  s ig n  i n  ( l 4 )  i s  c h o se n  a s  i t  y i e l d s  a
y s  o f  t h e  somo s i g n  a s  yp  w hich  i s  t h e  c a s e  o f  i n t e r e s t
(v )  I f  s  = y s . z p . w . y p  = 0  i n  ( 15 ) ,  t h e  r e f l e c t i v e  p o in t
l i e s  011 th e  l i n e  from  th e  s o u r c e  t o  t h e  t a r g e t  p o in t
( p ) ,  w h ic h  i s  an  i m p o s s i b i l i t y .
( v i )  I f  y p  = 0 ,  t h e  p ro b lem  r e d u c e s  t o  th e  tw o -d im e n s io n a l
- z p ( ( x v - x p )8 - k 2,*zp* -xva ) )+ k( ( ( x v - s p )2 - 1c2 -tzp2 -xv-s )a 
-4()ca jxv2 j1________________________________________
T h is  c a s e  i s  m a th e m a t i c a l ly  i d e n t i c a l  to  th e  p r e v io u s  o n e , 
a s  xa a n d  a s  a r e  in t e r c h a n g e a b le .  T h e re fo r e  o n ly  th e  s o lu t io n  
i s  g iv e n  w i th  comments w here n e c e s s a r y .
T ailin g  x s - x v  in  ( 4 ) ,  (5 ) and  (6 ) th e  s o l u t i o n  fo l lo w s :
2 (It* -zp* )
' 3 . 4 . 4 .3  W ith  x s  a n d  t d  s p o c i f i e d
k 12 y,p-(()t*  -y n 2 ) (IQ -4xv* (k* -y p * -7.p ) ) f t 
2 (k* -yp2 -zp a )
w here  k f  »k * -{x p 2 +aps +yp* )+2x p .x v
m/.
( i )  E q u a t io n  ( iG ) y i e l d s  a  r e a l  s o l u t i o n  o n ly  i f :
• 5 (  (x p -  (xp* + ld a +21 d (x p 8 -t-yp2 *zpa
• 5 ( (xp+{> ld a 4-21 d (x p s +yp2 +?,ps
( i i )  1'h a  p o b i t i v e  s i t jn  i s  c h o sen  i n  ( 16 ) b e c a u s e  t h i s
c o r r e s p o n d s  t o  a  r e f l e c t o r  above th o  a u d ie n c e  l e v e l .
( i i i )  The p o s i t i v e  s i g n  i s  c h o sen  i n  ( 1 7 ) .
( i v )  I n  ( 1 6 ) F  = k1 -yp2 -z p 2 c an  o n ly  b e  z e r o  i f  I d  anil
(v )  I f  G = y s - z p - z s . y p  = 0 i n  ( 18 ) th e  r e f l e c t i v e  p o in t
l i e s  on  th e  l i n e  from  th e  s o u r c e  t o  t h e  t a r g e t  p o in t  (p ) 
w h ich  i s  an  i m p o s s i b i l i t y .
( v i )  I f  yp  = 0 ,  t h e  p ro b lem  r e d u c e s  t o  th e  tw o -d im e n s io n a l
-x p (  U v —z p )8 - k a +xp' -z v a ) )+ * ((  ( z v - z p f  -K‘ *xpi  - z v a )=
2 (it* -xp* )
Qn|' v s1c-xd(xs2 +zv5 $
3 . 4 . 4 .4  A d d i t i o n a l / .
• '> A d d iLj.Qv.nl on th e  r e f l e c t o r
31y u s in g  onn o f  th o  p r e v io u s  m e th o d s , one p o in t  on and  th e  
a n g le  o f  t h e  r e f l e c t o r  a r e  d e f in e d ,  th e r e b y  f i x in g  th e  p o s i t i o n  
o f  a  p la n e  i n  s p a c e .  B ecause  t h e  p la n e  s lo p e s  i n  o n ly  one 
d i r e c t i o n ,  i t  i s  d e f in a b le  o n ly  i n  th e  z - x  p la n e .  Xhc e q u a t io n  
d e s c r ib in g  t h i s  p la n e  i s  th e n
By u s in g  th e  r e s u l t s  from  th o  c a l c u l a t i o n  o f  th e  f i r s t  p o in t ,  
t h e  c o n s t a n t s  A a n d  m a r e  d e f in e d .
Tho o t h e r  t h r e e  a p p l i c a b l e  e q u a t io n s  a r e :
(i) zml = xsa +%/   (20
yp8 k8 -y p 2
fro m  ( t l )  w here  :
k 2 = l d '  + (xp8 +yp8 +zp2 } e q u a ls  th e  new c o n s t a n t  f o r  th e  
e l l i p s o i d  d e f in e d  b y :
(x sa + ysa + z s8 ^  + f (x s~ x p )s + ( y s -y p ) = + ( z s - z p )8 = k2 
l d , + (xp8 +yp8 +apa ) = k 2
P ro v id e d  th e  new t a r g e t  p o in t  i n  t h e  a u d ie n c e  i s  n o t 
t o o  f a r  from  th e  f i r s t  o n e , t h e  new d i f f e r e n c e  i n  p a th  
le n g th  I d '  w i l l  n o t d i f f e r  s i g n i f i c a n t l y  from  I d .
(ii) jrs XS4-in Ml   (21
y p  xp+m »P
fro m  (i.O ) .
( i i i ) / ..........
( i n )  (x sZ +zas ) (yp8 - 2y s .y p ) =y S2 ( Xp2 +2p* _2 ( x s .  xp + z s . z p )  ) . .  (22
fro m  (1 1 ) .
By s o lv i n g  th o s e  e q u a t io n s  we o b ta in  s o l u t i o n s  f o r  x s ,  y s ,  a s
- — .........
a p -m .x p  ra +1 ^  m .xp-zp+2A
a s  = A+m .x s    {24
^  ^  .....................................
xp+ m .zp  xp+m .zp
I d 1 «  •EE (x sa + zs2 +ysz ^  -  (xp2 +yp8 +zpa f   ................................  (26
The f i r s t  p o s s i b i l i t y  i n  (2 3 ) r e p r e s e n t s  t h e  i n t e r s e c t i o n  p o in t  
b e tw e e n  th e  r e f l e c t i v e  s u r f a c e  and  th e  l i n e  from  th e  o r i g i n  
t o  t h e  t a r g e t  p o i n t  ( p ) . The se c o n d  r e p r e s e n t s  t h e  1 t r u e 1 
r e f l e c t i v e  p o i n t  w hich  i s  u se d  i n  th e  c a l c u l a t i o n s .  T h ree  
i n t e r e s t i n g  c a s e s  c an  b e  c o n s id e r e d :
( i )  T a r g e t  p o in t  be low  th e  r e f l e c t i v e  s u r f a c e
T he f i r s t  s o l u t i o n  r e p r e s e n t s  th e  r e f l e c t i v e  p a th  
f ro m  th e  o r i g i n  t o  th e  p o in t  o f  i n t e r s e c t i o n  w i th  
th e  r e f l e c t i v e  s u r f a c e  b e h in d  and b e lo w  th e  o r i g i n .
As t h i s  p a th  c o in c id e s  w i th  th e  a x i s  o f  th e  e l l i p s o i d  
£>,0 , 0  t o  x p , y p , z p )  f o r  t h i s  c a s e ,  t h e  i n c i d e n t  a n g le  
i s  90  6 and  th e  r a y  p a s s e s  s t r a i g h t  th ro u g h  t o  i n t e r s e c t  
w i th  th e  r e f l e c t i v e  s u r f a c e .  From th e s e  c o n s id e r a t i o n s  
i t  i s  c l e a r  t h a t  t h i s  s o l u t i o n ,  a lth o u g h  s a t i s f y i n g  
th e  o r i g i n a l  e q u a t io n s ,  i s  u s e l e s s .  The se c o n d  s o lu t io n  
g iv in g  th e  no rm al r e f l e c t i v e  p a th  i s  t h e r e f o r e  u se d  
i n  c a l c u l a t i o n s .
( i i )  T a r g e t / .
( i i )  T a r r io t p o in t  on th e  r e f l e c t i v e  s u r f a c e
T h is  i s  an  i n v a l i d  c a s e  a s  th e  tim e  d e la y  re d u c e d  to  
z e r o .  Tlio tw o s o l u t i o n s  c o in c id e  a s  t h e  t a r g e t  and  
r e f l e c t i v e  p o in t s  i s  t h e  same p o i n t .
( i i i ) T a r p o t  p o in t  above th e  r e f l e c t i v e  s u r f a c e
T h is  i s  a l s o  an  i n v a l i d  c a s e  a s  t h e  r e f l e c t i v e  p a th  p a s s e s  
th r o u g h  th e  r e f l e c t i v e  s u r f a c e .
To o b ta in  u s e f u l  s o l u t i o n s  th e  t a r g e t  a r e a  s h o u ld  
t h e r e f o r e  b e  r e s t r i c t e d  t o  belov, th e  r e f l e c t i v e  s u r f a c e  . 
T h is  r e s t r i c t i o n  c a n  b e  f o rm u la te d  a s  f o l lo w s :
z p  <  A+tn-xp
I n s p e c t i o n  o f  t h e  s o l u t i o n s  show t h a t  no i n v a l i d  s o l u t i o n s  a r e  
o b t a in e d  i f  t h i s  r e s t r i c t i o n  i s  o b s e rv e d .
4 .  COMPUTER/.
COMPUTER SUBROUTINES
.1  D e f i n i t i o n  o f  S y m b o ls :
I n  o r d e r  t o  o b s e rv e  t h e  no rm al F o r t r a n  IV r u l e s  t h e  d e f i n i t i o n  
o f  sy m b o ls  a r e  c h an g e d  a s  l i s t e d  b e lo w :
AA a  R e f l e c t i v e  p la n e  c o n s t a n t .
AM = R e f l e c t i v e  p ia n o  a n g le .
P  = S u b s c r i p t  d e n o tin g  t a r g e t  p o i n t .
5  -  S u b s c r i p t  d e n o tin g  r e f l e c t i v e  p o i n t .
VS = S p o o d  o f  so u n d .
TD = Tim e d e la y  i n  m i l l i s e c o n d s .
6 = Code u s e d  t o  d e n o te  p r i n t e r .
.2  S u b r o u t i n e  FIPAM:
H ie  m nem onic F1PAM i s  d e r iv e d  from  th e  w ord  ' f i x e d  p o i n t 1 and  th e  
a n g le  o f  t h e  r e f l e c t o r ,  AM. T h is  s u b r o u t in e  c a t e r s  f o r  t h e  c a se  
w h ere  AM a n d  TD a r e  s p e c i f i e d  f o r  ' f i x i n g '  th e  f i r s t  p o in t  on a  
r e f l e c t o r .  R e f e r  a p p e n d ix  I I I .
4 - .2 .1  F low  d ia g ra m
The f lo w  d ia g ra m  i s  d e v e lo p e d  by  m aking u s e  o f  t h e  no rm al sym bols 
a n d  th e  e q u a t io n s  and  r e s t r i c t i o n s  a s  d is c u s s e d  p r e v io u s ly .  The 
sy m b o ls  a n d  d e s c r i p t i v e  c l a r i f i c a t i o n  a r e  s e l f - e x p l a n a t o r y  w hich  
r e n d e r s  f u r t h e r  comm anta  su p o i-i lu o u s .
4 , 2 . 2  S u b r o u t in e
T he s u b r o u t in e  i s  d e v e lo p e d  fro m  th e  f lo w  d iag ram  and  c an  e a s i l y  
b e  f o l lo w e d  w i th  th e  u s e  o f  th e  f lo w  d ia g ra m .
4 .3  S u b r o u t i n e / .
COMPUTER SUBROUTINES
•1  D e f i n i t i o n  o f  S y m b o ls :
I n  o r d e r  t o  o b s e rv e  t h e  norm al F o r tr a n  I V  r u l e s  t h e  d e f i n i t i o n  
o f  s y m b o ls  a re  c h a n g e d  a s  l i s t e d  b e lo w :
AA »  R e f l e c t i v e  p l a n e  c o n s t a n t .
AM «« R e f l e c t i v e  p la n e  a n g le .
P  = S u b s c r ip t  d e n o t in g  t a r g e t  p o i n t .
5  «= S u b s c r i p t  d e n o t in g  r e f l e c t i v e  p o i n t .
US = S p e e d  o f  so u n d .
TD = T im e d e l a y  i n  m i l l i s e c o n d s .
6 = Code u s e d  t o  d e n o te  p r i n t e r .
.2  S u b r o u t i n e  FIPAM:
The m nem onic FIPAM i s  d e r iv e d  from  th e  w ord 1 f i x e d  p o i n t '  and  th e  
a n g le  o f  t h e  r e f l e c t o r ,  AM. T h is  s u b r o u t in e  c a t e r s  f o r  t h e  c a se  
w here  AM a n d  TD a r e  s p e c i f i e d  f o r  1 f i x i n g 1 th e  f i r s t  p o in t  on a  
r e f l e c t o r .  R e f e r  a p p e n d ix  I I I .
4 . 2 . 1  F low  d ia g ra m
T he f lo w  d ia g ra m  i s  d e v e lo p e d  by  m aking  u s e  o f  t h e  n o rm al sym bols 
a n d  th e  e q u a t io n s  a n d  r e s t r i c t i o n s  a s  d is c u s s e d  p r e v io u s ly .  The 
sy m b o ls  a n d  d e s c r i p t i v e  c l a r i f i c a t i o n  a r c  s e l f - e x p l a n a t o r y  w hich  
r e n d e r s  f u r t h e r  comments s u p e r f l u o u s .
4 . 2 . 2  S u b r o u t in e
T he s u b r o u t in e  i s  d e v e lo p e d  from  th e  f lo w  d ia g ra m  and  c an  e a s i l y  
b e  f o l l o w e d  w ith  t h e  u s e  o f  t h e  f lo w  d ia g ra m .
4 .3  S u b r o u t i n e / .
4 .3  S u b r o u t i n e  FIPZV :
T he m nem onic i s  d e r iv e d  from  'f i x e d  p o i n t 1 and  th e  s p e c i f i e d  r e f l e c t i v e  
p o i n t  c o - o r d i n a t e  'Z V i. T h is  s u b r o u t in e  s h o u ld  b e  u se d  t o  f i n d  th e  
f i r s t  p o i n t  on a  r e f l e c t o r  when i t s  h e ig h t  and  th e  tim e  d e la y  i s  
know n . The s u b r o u t in e  r e t u r n s  th e  a n g le  o f  th e  r e f l e c t o r ,  t h e  p la n e  
c o n s ta n t  (A A) and  tin s  re m a in in g  c o - o r d in a t e s  (XS, YS) o f  th e  f i r s t  
p o i n t  on th e  r e f l e c t o r .  R e fe r  a p p e n d ix  IV .
T he f lo w  d ia g ra m  a n d  s u b r o u t in e  program m e i s  d e v e lo p e d  from  th e  
a p p r o p r i a t e  e q u a t io n s  and r e s t r i c t i o n s  and  i s  v e ry  s t r a i g h t f o r w a r d .
4 . 4  S u b r o u t in e  FIPXV:
T h is  c a s e  i s  e s s e n t i a l l y  s i m i l a r  t o  t h e  p r e v io u s  o n e , e x c e p t  t h a t  t h e  
d i s t a n c e  o f  t h e  f i r s t  r e f l e c t i v e  p o in t  from  th e  s o u r c e  i s  s p e c i f i e d  
i n  p l a c e  o f  t h e  h e i g h t  above  th e  s o u r c e . R e fe r  a p p e n d ix  V.
4 - 5  S u b r o u t in e  ANYPTt
The m nem onic i s  d e r iv e d  fro m  ’ any  p o i n t ' . T h is  s u b r o u t in e  i s  a p p l ie d  
t o  f i n d  th e  c o - o r d in a t e s  o f  s u c c e s s iv e  p o in t s  on a  r e f l e c t o r  once  
t h e  r e f l e c t i n g  p la n e  i s  f i i o d  i n  sp a c e  by  th e  u se  o f  one o f  th e  
p r e v io u s  s u b r o u t i n e s .  The c o - o r d in a t e s  o f  t h e  r e f l e c t i v e  p o in t  a re  
r e t u r n e d  t o g e t h e r  w i th  t h e  tim e  d e la y  f o r  th e  s p e c i f i c  r e f l e c t i v e  and  
t a r g e t  p o i n t s .  The tim e  d e la y  i s  n o t  d i r e c t l y  c o n t r o l l e d  a n d  th e  v a lu e  
o b ta in e d  i s  r e t u r n e d , f o r  in s p e c t io n  p u rp o se s  t o  th e  d e s ig n e r .  R e fe r  
a p p e n d ix  V I .
4 .6  G e n e ra l  c o n s i d e r a t i o n s :
M , .n o v , r  on  i n v a l i d  c o n d i t io n  i s  o n o o im t m d  by  any o n .  o f  th e  su b -  
r o o U w .  on . . p l o m W  y l n t - o u t  * * * *  * *
i s  g iv e n  on .  n . «  l i n o .  A t th e  —  « “  “ ‘ 1“ * v» lu «* " *  t o
« r o  ^  t h .  .O b rm tln . r . t u n .  to  - U U n ,  P r o * - - .  I f
t o  C o w .  U , ' .  j ™ - * "  »  c m  k .  - c k  t r ^ l .  by
. e d i f y i n g  th e  p ro g ra m  a t  t h e  a p p r o p r ia te  b ran c h  p o i n t . .
5 .  ILLUSTRATIVE EXAMPLES
5 . 1  G e n o r n l=
T he p u r p o s e  o f  t h i s  s e c t i o n  i s  t o  i n d i c a t e  by  way o f  tw o exam ples  how 
somo o f  t h e  s u b r o u t in e s  c an  bo u s e d  i n  t h e  d e s ig n  o f  r e f l e c t i v e  s u r f a c e s . 
The o n e  e x a m p le  c o n c e r n s  a  l e c t u r e  h a l l  and  th e  o th e r  a  p e r fo rm in g  a r t s  
t h e a t r e .
5 . 2  D e s ig n  s p p r o a c h i
5 . 2 . 1  I n  o r d e r  t o  f a c i l i t a t e  th e  u s e  o f  t h e  s u b r o u t in e s ,  th e  f o l lo w in g  
s h o u ld  b e  k e p t  i n  m ind:
( i ) S in c e  th e  s o u r c e  i s  a lw ay s  a t  t h e  o r i g i n  th e  c o - o r d in a t e s  u se d  
i n  t h e  c a l c u l a t i o n s  h a v e  t o  b e  c h an g e d  f o r  a  new s o u r c e .
L e t  t h e  new o r i g i n  be  0 ^ (x ^ ,  y ^ ,  z ^ ) ,  and  P ( x ,  y ,  z )  b e  any 
p o i n t .  The new c o - o r d in a t e s  f o r  P  a r e  th e n :
( i i )  I f  t h e  p la n e  h a s  be en  d e f in e d  r e l a t i v e  t o  one o r i g i n ,  t h e  p la n e  
c o n s t a n t  AA h a s  t o  b e  c h an g e d  f o r  a  new o r i g i n .
T he new p la n e  c o n s ta n t  i s :  AA1 = AA + AM.X n -  Zn
5 . 2 . 2  T he g e n e r a l  p r o c e d u re  f o l lo w e d  was a s  f o l lo w s :
(11  *  m m m l m t  1 .  d —  * *  d ,  t b .
b lb — t  „ 1. «  l b  « -  W W 1.  . f  * .  — -
( 1 1 ,  , . , 1 . 0 .  t l ^ b . 1^  «  « «  v i o ,  - I * ,
t o  l o t  u s  t o  a  r e a . o b a b i .  p o . i t i o n .
( i i i )  O n c e / ..........
5 .  ILLUSTRATIVE EXAMPLES
5 .1  G e n e r a l :
T he  p u r p o s e  o f  t h i s  s e c t i o n  i s  t o  i n d i c a t e  by  way o f  tw o exam ples  how 
some o f  t h e  s u b r o u t in e s  c an  b e  u s e d  i n  t h e  d e s ig n  o f  r e f l e c t i v e  s u r f a c e s . 
The o n e  e x am p le  c o n c e rn s  l e c t u r e  h a l l  and  th e  o th e r  a p e rfo rm in g  a r t s  
t h e a t r e .
5 .3  D e s ig n  a p p r o a c h !
5 . 2 .1  I n  o r d e r  t o  f a c i l i t a t e  th e  u s e  o f  th e  s u b r o u t in e s ,  th e  f o l lo w in g  
s h o u ld  b e  k e p t  i n  m ind :
( i ) S in c e  th e  s o u r c e  i s  a lw ay s  a t  th e  o r i g i n  th e  c o - o r d in a t e s  u se d  
i n  t h e  c a l c u l a t i o n s  h av e  to  b e  c h an g e d  f o r  a new s o u r c e .
L e t  th e  now o r i g i n  b e  c H x ^ ,  y  , z ^ ) ,  and  P ( x , y ,  z )  b e  any 
p o i n t .  The new c o - o r d in a t e s  f o r  P a r e  t h e n :
y ' = y -  yn
( i i )  I f  t h e  p la n e  h a s  boon  d e f in e d  r e l a t i v e  t o  one o r i g i n ,  t h e  p la n e  
c o n s t a n t  AA h a s  t o  bo c h anged  f o r  a new o r i g i n .
T he now p la n e  c o n s t a n t  i s :  AA' = AA -t AM.X n  -  Zn
5 . 2 . 2  The g e n e r a l  p r o c e d u re  f o llo w e d  was a s  f o l lo w s :
(1 , 1 cm m m lm t W lo "  1 . < - « « « « «
p o in t  - I " ! '  V "  "
(11) m s *
t o  g o t  Xg t o  a  r e a s o n a b le  p o s i t i o n .
( i i i )  O n c e /..........
( i i i )  O ner t h e  f i r s t  r e f l e c t i v e  p la n e  i s  f i x e d  th e  s i z e  o f  th e
r e f l e c t o r  i s  c a l c u l a t e d  by u s in g  s u b r o u t in e  ANYPT and m oving 
th e  s o u r c e  i f  n e c e s s a r y  f o r  t h e  a p p l i c a t i o n .
( i v )  T h is  p r o c e d u re  i s  t h e n  r e p e a te d  f o r  a s  many r e f l e c t o r s  a s  
d e s i r e d .
The v a r io u s  c a l l  ig p rogram m es u s e d  a r e  l i s t e d  i n  a p p e n d ix  V I I .
.3  S e n a te  ro o m :
T he o r i g i n  was c h o s e n  a t  t h e  l e c t u r e r  p o s i t i o n ,  and th e  r e s u l t i n g  
c o - o r d i n a t e s  ru s o m b lin g  th e  a u d ie n c e  a r e a  a r c  g iv e n  i n  t a b l e  I ,  F ig u re  
I  show s a  t o p  v ie w  o f  t h e  a u d ie n c e  a r e a ,  w i th  p o in t s  m arked  A t o  D.
T h e s e  p o i n t s  w ore  u s e d  a s  a l t e r n a t e  s o u r c e s  t o  t e s t  t h e  r e f l e c t i o n  o f f  t h e  
r e f l e c t o r s  fro m  v a r io u s  p o s i t i o n s .  The r e s u l t s  o b ta in e d  a r e  sum m arised  
i n  F i g u r e s  I I  t o  V.
The s i z e s  c h o s e n  f o r  t h e  r e f l e c t o r s  r e p r e s e n t  th e  b e s t  com prom ise  th o u g h t  
p o s s i b l e ,  a n d  g iv e s  maximum o v e r a l l  c o v e ra g e  from  th e  v a r io u s  p o i n t s .
A sa m p le  o f  t h e  o u tp u t  o b ta in e d  from  th e  co m p u te r i s  shown in  t a b l e  I I .
r i g i n a l  o r i g i n  end  th e  f i r s tT h es e  f i g u r e s  a res th o s e  c o rre sp o n d ]
TABLE I
IP
0 5 - 0 ,7
4 ,1 2 ,4 - 0 ,7
4 ,1 0 - 0 ,7
4 ,1 - 2 ,4 - 0 ,7
0 -5 - 0 ,7
5 ,5 1 4 ,5
0 ,3
16 9 0 ,8
16 0 0 ,8
16 - 9 0 ,8
5 ,5 - 1 4 ,5
0 ,8
TABLE I I / ,
FIGURE I
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2 . 2 B
- .9 1  
- 2 '.2 8  
6 . 1 1  
2 '.5 6  
0 . 
- 2 , 5 6  
- 6 . 1 1
ZS
3 . 0 8
3 .6 2
3 .6 2
3 .6 2  
3 ^ * 8  
3 *95 
4 . 7 0  i 6 .e e
4 .7 0
4 .7 0  
3 .9 5
1 6 ,0 6
1 6 .0 8
5 .5 0
50 1 4 .5 0
9 .2 0
- 9 .0 0
- M .5 0
5*4 Gvfolo C iv ic  T h e n tro :
21xis ea se  d i f f e r s  from th e  prev ious one in  th a t  th o re  i s  a  proper s ta g e  
and an o rc lic s tr f l  p i t .  I t  was thought t lm t th e  only two s ig n i f ic a n t  p o in ts  
would be th e  c o n tre  o f  th e  sta g e  <ind tho  o rc h e s tra  p i t .  In  th e  design 
only  th e s e  two p o in ts  wore considered  as sound so u rces .
Very e a r ly  i n  tlio  tiosigr: p ro cess  i t  became ev ident th a t  i t  would n o t be 
p o s s ib le  t o  d e s ig n  a p ra c t ic a l  r e f l e c to r  system giving good coverage o f  
th e  aud ience  a re a  from th e  c en tre  o f  th e  s ta g e , w ithout using a r ig id
s tag e  / .........
g ta f ie  e n c l o s u r e .  A l l  p r a c t i c a l  r e f l e c t o r s  e x to n d  t o  be yond  th e  c u r t a i n  
i n t o  t h e  s tn o o  a r c n  f o r  c o v e ra g e  o f  t h e  f r o n t  h a l f  o f  th e  a u d ie n c e .
T h is  i s  n o t  a l lo w a b le  b e c a u s e  d e c o r  h a n d lin g  and  s ta g e  l iQ h t in g  h a s  to  
m ake use- o f  t h i s  a r e a .
I t  w as t h e r e f o r e  d e c id e d  t o  c o n c e n t r a te  on g e t t i n g  good c o v e ra g e  from  th e  
o r c h e s t r a  p i t  s o u r c e  p o i n t  and  r e l y  on a  s ta g e  e n c lo s u r e  f o r  t h e  s ta g e
The s e t  o f  c o - o r d i n a t e s  f o r  th e  c e n t r e  s t a g e  o r i g i n  a r e  g iv e n  i n  T a b le  I I I  
a n d  th e  r e s u l t s  a r e  su m m arise d  i n  f i g u r e s  V I t o  IX .
TABLE I I I
9 ,1 0 6 ,0
9 ,1 0 - 6 ,0
1 3 ,1 0 7 ,3 0
1 3 ,1 0 - 7 ,3 0
2 2 ,8 7 ,3 0



















The s u b r o u t i n e s  dovc-loix$d h a v e  p ro v e n  t o  b e  u s e f u l  i n  t h e  i t e r a t i v e  p r o c e s s  o f  
d e s ig n in g  r e f l e c t o r s  f o r  a u d i t o r i a  b e c a u s e  o f  th e  e a s e  w ith  w hich th e y  c an  be
One p o i n t  w h ic h  w as im m e d ia te ly  o b v io u s  w as t h e  many c o m b in a t io n s  i n  w hich th e  
s u b r o u t in e s  c o u ld  b e  u s e d  in  th e  d e s ig n  p r o c e s s .  I t  w ou ld  seem t h a t  t h e  m ost 
u s e f u l  c o m b in a t io n s  w i l l  o n ly  becom e e v id e n t  a f t e r  a  c o n s id e r a b le  am ount o f  
e x p e r ie n c e .
I t  was p o i n t e d  o u t  b y  B ernnelc  i n  an  a r t i c l e  2<J: t h a t  f l a t  r e f l e c t o r s  g iv e  r i s e  
t o  a  " r a s p in g "  so u n d , w h e re a s  m ore d i f f u s e d  r e f l e c t i o n s  g iv e  a  m ore d e s i r a b le  
so u n d  q u a l i t y .  F u r t h e r  r e s e a r c h  c o u ld  p o s s ib l y  i n d i c a t e  how d i f f u s e  
r e f l e c t o r s  c a n  b e  m a r r ie d  t o  t h e  a p p ro a ch  p u t  fo rw a rd  i n  t h i s  p a p e r .
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APPENDIX I
T h is  a p p e n d ix  a p p l i e s  to  t h e  c a s e  w here  m and  t d  a r e  s p e c i f i e d .
( i )  I n  e q u a t io n  7 )  we h a v e  :
D = (k  -yp* ) (in2 -t- 1 )  -  (x p  + m »ap)s
E x p re s s in g  D a s  a  f u n c t i o n  o f  m, t h e  f o l lo w in g  i s  o b ta in e d :
f  (« )  = ma (ks -y p a -z p 2 ) -  m faxpzp ) + ka -yp8 - Xpa
The d i s c r i m i n a n t  o f  t h i s  e q u a t io n  i s :
A  = - 4 ( ( k 2 -yp2 ){k2 -  (xp8 +yp8 +Zp8 ) ) )
I n s p e c t io n  r e v e a l s  t h a t  A  <  0  f o r  l d > o ,  i . e .  th e  e q u a tio n  t M  h a s  no r e a l  
r o o t s .  S e t t i n g  f(m )  = 0 ,  we f in d ':
x p z p  (k2 -yp8 ) (k2 -  {xp2 +zp2 +yp2 ) )
m =  --------------------- a n d  f  (m)0 = —---------------------------- -----------------
k2 -  (yp2 +z.i- ) k2 -  (yp2 +zpz )
S in c e  f (m )0 >  0  f o r  I d  >  0 ; i s  a lw ay s  p o s i t i v e .
( i i )  I n  e q u a t io n  8 )  we h a v e :
Q = ( l  inks) ((xp+zpk? )  ( i  + mka) -  (xp + map) ( l  + k a2 ))
D ie  s e c o n d  te rm  c a n  b e  e x p r e s s e d  a s :
f  (kz ) = k%8 ( - x p )  + kz (m xp  + z p )  -  mzp 
The d i s c r i m i n a n t  o f  t h i s  e q u a t io n  i s :
A, = (mxp -  z p ) 2 
T h is  i s  a lw ay s  p o s i t i v e  a n d  t h e  r o o t s  o f  f (k a  ) l i e  a t :  
ka «= z p /x p  o r  m
T5ie s o l u t i o n  f o r  x5 hecrenes u n d e f in e d  w henever Q= 0 . T h is  o c c x s  when
k i = z p /x p )  m o r  ^
(a )  k ,  = z p /x p
z s  = z p / x p  -x s  ................f rom  7)
T h is  i s  r u l e d  o u t  w hen l d > 0 ;  b e c a u se  z s  and x s  m ust l i e  on th e  ’.m e
from 0 )  t o  ( P ) ,  i n  w h ic h  c a s e  I d  = 0 .
(b ) ^  = m
A »  0 ,  I d  = 0 
T h is  c a s e  i s  a l s o  r u l e d  o u t  when I d  >  0
W  to  = -  -
z s  »  -  -  x s
X his i s  o n ly  p o s s i b l e  w hen x s  = z s  = 0 ;  i n  w hich  c a se  x s  a n s a s  l i e  on th e  
l i n e  from  (0 )  t o  U’) .  'D ii s  i n  t u r n  l e a d s  t o  l a  = 0 .  K ius t h i s  c o n d i t io n  c 
never o c c u r  i f  I d  >  O.
APPENDIX I I
T h is  a p p l i e s  t o  t h e  c a s e  w here  a s  = a v  a n d  t d  i s  s p e c i f i e d .  S in c e  t h e  
c a s e  w h ere  x v a n d  t d  a r e  s p e c i f i e d  i s  m a th e m a ti c a l ly  i d e n t i c a l ,  th e  d is c u s s io n  
a l s o  a p p l i e s  t o  t h a t  c a s e .
I n  e q u a t io n  1 3 ) we h a v e
D = (k? ~yp2 ) ( k ^ - W  (k 2 -(y p z t-xp2 ) ) )
S u b s t i t u t i n g  t h e  v a lu e  o f  k 1 and  s im p l i f y in g ,  t h e  f o l lo w in g  i s  fo u n d :
D = (k2 -y p a ) (k2 - ( x p z +ypz +zp* ) )  (k2 - 4 z v  (z v - z p )  -  (yp2 +xp2 +zp2 ) )
The f i r s t  tw o  te rm s  w i l l  b e  l a r g e r  th a n  z e r o  f o r  I d  >  0 ,  t h e r e f o r e  th e  
s i g n  o f  D w i l l  b e  d e te r m in e d  by  th e  l a s t  te rm .
E x p r e s s in g  t o  t h e  l a s t  te rm  a s  a  f u n c t i o n  o f  z v :
f ( z v )  = k2 - 4 z v ( z v - z p ) - ( y p 2 +xp2 +zp2 ) y
= -4 z v 2 + 4zvzp+ ld*+ 21d (xp2 +yp2 +zp2 )
S e t t i n g  f  ( z v )  = 0 , t h e  c o o r d in a t e s  o f  t h e  t u r n in g  p o in t  a r e  fo u n d :
z v  = -  z p / 2 ,  f ( z v ) Q = zp* + Id* + 21 d (xp* *zp* *yp* ^
T hus f ( z v ) 0 i s  a lw ay s  p o s i t i v e .
The r o o t s  o f  f ( z v )  l i e  a t :
z v  = ( -4 z p  *_ (zp* + ld* +21d  (xp* +yp* +zp* f  ) / - 8
I f  z v  l i e s  b e tw e e n  t h e s e  tw o l i m i t s  f ( z v )  w i l l  b e  p o s i t i v e  o r  z e r o ;  i . e . ,  i f
Z p *  .5 ( z p - (z p * + ld * + 2 1 d (x p * + y p * +zp* f  )* ) 
Zp £ .5(zp+(zp*+ld2 f21d(xp*+yp2 +zp* f t  $  ) 
t h e n  f ( z v ) ^  0 .
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\ i.O FLOW DIAGRAM FOR FIPAM
CASE ( i i )
CALCULATE
CASE ( i )
2 .0  SUBROUTZNB FIPAM
OR,ETVEN AM F0A CALCULATING A FIXED POINT ON THE HFFLECT
I F ( x e ) j . M 5 F3 J Ay (X P ’ YP >Z P ’ A v ’ 1JS’ T0 ’ XS ,Y S ,Z S ,A A )  
1 b I F ( Y P ) 3 M « ? ;1 ' 3 ti 
2U , .R IT F (6 ,% 1 )
F I  F O H ^ T ( /T n :  , 'GKNG-ILESS R EQ U ES T,XP -Y P=^' )
AA=(.’
RETURN 
3 . ' I F ( T p ) d O , 4 ’ ,5 5
4 J  4 R I T E ( c , 4 1 ) 1 0  
41 FOR‘-AT {/T I i* ,  '31 IS RE-JUEGT,TIYE D E L A Y - ' ,F6 .<
5 :  ALD=U')*TO
CAL1 .  Y P *"2 + Z P **g
A K-AL0H31-1T(C AL1 )
AR-X=>+A‘ : * i P
n .A T * * r - A \! "  >2 * ( - '.< * ^ 2 - Y P * ^ 2  )
3 -  r -P T (R « > 2 )
( ?  n 'L 2 = A K » * 2 -Y P * * 2  
AX 2=(AR »:3 :P r{:;AL2---! (A V *« 2+ 1  . ) - A R > » 2 )  + A N *C A L2)/R
X!j=» { AX* -C A L 1 ) /  (2  • ^ { S<:*RT { C A L2* {1 , + A K 2 **2  ) ) -  AK 2*ZP—I
Y3=y;>*.XG *( 1 .+A., '* A 1< 2 )/A R  
A A -Z 'S -A i^X S  
n E TU'IN
65  Ih '( A '. i ) ? b ,7 , ‘ ,7 3  
7 - ' C A L j. t ; ! :H T ( A K " * 2 -Y P * + 2 j
Z S - .5 * - U P + C A L 3 )
Y S - tv 'Y P /C A L ]
A A -Z 'j 
75  C A L 2 -( XP« ( 1 . - A " « ” 2 ) + 2 . * A M * tP ) / 2 . 
x;3=4 
YF3= YP*CAL2 /  ( > .P+AY*£P)









^ S /X S - ZP/XP
I
2 .0  SUBROUTINE FIl'ZV
iE D IT ,L 'P .n /\T !- F IP Z V P
1 % .3U iir.0UTIKE F0!1 CALCULATING A POINT ON THE REFLECTOR, GIVEN ZV
3 i p i ? S ) ^ , ; r v ( x p - Yp^ p *Ai,' - j 8 - T c *xB - x s , 2v ,AA)





14 IF ( X P ) / ;  ,21 ,4
15 2 1 I F ( Y P ) P P , 3 : , 2 ^
16 3 U Ih *{ 2P )1 1t 3 5 ? 11
17 3 5 * R I T E ( 6 , 3 6 )
IS  3 b F C ^ " A T ( /T 1 ; ) , 'T H IS  POINT LIES AT THE SOURCE ' )
19 GO TO 7
«?3 S = CAL1» ,5 * ( . ,3n in(ZP**2+ALD*»2+2 .*ALO*SQRT( XP**2+YP**2+2P**2 ) ) )
21 CAL2=- . 5*ZP
22 I F  ( ZV+CALl +CAL2 )40  ,<\5 ,45
23 4 . :v . 'n iTE (6 ,4 1  )
24 41FL!RMAT(/T1o, 'TH? VALUE OF ZV MUST QE INCREASED TO OBTAIN A
SOLUTION'}
25 GO TCi 7
2G 4 5 I F ( C A L l - C A L 2 ~ ^ V ) 5 a ,5 5 , 5 5
27 5 0 A n i T i r ( 6 , 5 1 )
2 0  51FQF;‘.:a T ( / T 1 ' ‘ » ‘ THE VALUE of  ZV must  be de cr ea se d  to o bt a in  a
SOLUTION')
«  '30 TO 7
3Z 55C AL 3-XP**2+YP*»:+ZP**2
31 C A L 4 - ( ALO^iURT (CA1.3 ) ) * * 2
fS x 5 t ( ; % i t ' > 0 0 ? ? ( 1 c A M ^ P » * 2 ) » ( C A L 5 ^ - 4 . * Z V » * 2 » ( C A L 4 - Y P * « 2 - X
P*i*2 } ) ) ) / ( < ; . * {  CAL4%
34 „ y p «*2-XP**< '}}
35 I F ( Z V / x H - 2 P / X P ) 6 e , & j ,65
w  P O M T  OF * n . w m *  »  " " "  <-
"  o m i J I N  r o  w . * ,  I "  T »  W  P L A N E .M C W S C  ZV , 0  O B T .I .  A . 0
l u n o i i . ' / n s / i  . !11 ' X S . ’ , F « . ' I )
41 f t ? y o - v p  » s n n T  ( ( * s «  * a  * z v * * 2 ) /  ( c a l 4 - v p **2  ) )
«  C f l L * - z v / K !  t r / ' t p
43  I F ( C A L 6 ) 7 J , 711 ,75
^  P O IK T .O F  » ,F L E C T : .»  L IE S  " »  THE L
THE Y -7  PLANE. TO O ST A M  A VALIO BOLUTION IN
ease z y . ^ 5 ]  . x s - . i F 0 - 4 l T 2 4  , - Y S . ' , F 8 . 4 /    • ___
W  RO T J  7
SUBROUTINE FIPZV (C o n f 'd )
51  I F ( A A ) d J , e f , B 5
5^  3 : H \ R I T E { / S . , i ; i  ) X!.3, Y S , A y , A A
L I *  F m o , ™  REFLECTING PUW * M O THE
H , "  * L U T I % : V M , A ' ' ' "  "  " " " I W .  THE RESULT IB  SENSELESS. TO 0 ,1
,  T . , ?  - J ^ ,,1 l£A5 e  i V , ' / T 1 2 » ‘ x s ' » ^ f c , * A M ' l T3 4 , ' A A ’ / T e , F 8 . 4 , T 1 6 >F8 . 4 t T24 ,F 0  1 I J e  » r  C , ‘i  ;
56 GO TO 7
57  S 5 Bt!T URN
52 11YS =i:
59 A K - A L D + B a m T ( X P * * 2 + Z P * * 2 )
6 3  A L L - . 5 * U P - '3 '? f iT (  A K * * 2 -X P * * 2 ) )
61 A'JL= .5 * (Z > + 8 ')H T (A K * * 2 - X P * $ 2 ) )
62 I F  (  £ V - A L L ) 4 P ,  12 11 3
63 1 3 I F ( A U L ^ £ V ) 5 i M 2 ,1 2
6 4  1 2 A R = A -< **c-X P »*2
65 C A L =  { Z V - Z P ) * * 2 - A » - Z V **2
6 6  X S= (-X P * C r-L * A K * S '.;R T (C A L * * 2 -4  .* A R * 2 V * * 2  ) ) / ( 2 , * A f l )
67 C A L l  =  c5: j H T { X S * * a  +  i V * * 2 )
66 I F ( Z V / X 3 - Z : / X P ) 1 4 , 1 4 ,1 5
69 K f t R I T E ( 6 , t 6 )X8
71 1 6 F 0 I V : A T ( / n , '  ,  "T H E  R E F L E C T I V E  P O I N T  L I E S  ON OR BELOW THE L I N E
FRO' ,! THE UU U R C E  %
71 TO U P , X P )  I N  TH E Z , X  P L A N E .  IN C R E A S E  ZV TO O B T A I N  A SOL U T I O N
. X S « ' , F „ . 4 )
72 GO TO 7
73 1 5 A y - ~ ( X S * A K - X P * C A L l ) / ( Z V * A K ~ Z P * C A L 1 )
74 130 TO 76
75 END
APPENDIX V
j.O  M_DW DIAGRAM FOR FIPXV
APPENDIX V












2 .0  SUBROUTINE FIPXV
•:3 U C 1 0U T I-:E  i-'on CALCULATING a UOIMT ON THE OEFL6CT0H GIVEN XV
5 A A IT E ( A , A )
^ F 3 T 'A T ( /T T .  /  THE T IW  O IF F M N M  IS  ZEHO OS NEGATIVE M ICH I
7 v. , i i t l ( u , : ' , ) :m> , v p , g p , x v , u5 , t c
l EL  V ..A T(T 13 , XV '  ,  TAT ,  '  T P '  , TUA , '  ZP ' ,  Tr;E , *XV1 ,  T 6 1 , ' 0 5 ' ,  T73 ,  ’ TC 1 
’ FL , i ”  T j ' '  ,h’L' ' T 4 6  sF Vi . i . T SU  ,F v  ,-1 , T ?  1 ,F!5 , 4  }
A J E L ')
! ’ =,L2=TD*US 
I F ( x P ) ; , 2 1 ,4  
2 1 : r  (Y P )2  ' , 3  ' , 2 /
j . J i F ( Z p ) n , i s , n
5 » , V P I T E { f » , 3 6 )
jo F J R V A .T C / T n '/ T r i lS  POINT L IE 3  AT THE SOURCE' )
RO TO 7
E .rO A L l=  :.',T (X P*S 2-l-A L!:»*2-i-2 . >A LD *5Q r'T(X P **2 4 -Y P *» 2 + Z P # *2 )) 
C A L 2 = .5 - i‘ XP
I F  ( AV+'J ' iL l+CAu:)4•'  ,4 5 ,4 ! ,
4 1 " t-P 'M T ( / T 1 , TO UOTAIN A SOLUTION THE VALUE OF XV VUST BE I  
SO TO 7
4 5 IF { C A L l- C A L E -X V ) 5 - , ,b 5 ,5 5
C 1 1-i)T.‘A T ( /T  V  , '  THE VALUE GF XV MUST BE DECREASED TO OBTAIN A
'E L J T U N ')■j: L*0 TO 7
31 5 5  0 A L !? = (A L 0 + 'i: '!R T (X P * * 2 + Y P * # 2 * Z P * * 2 ) )* # 2
34 - Y P * * 2 - Z P * * 2  ) )
35 I F  ( X V /Z b -X lV 4 P )A i’. ,6 f , 6 5
%  AEFLECTIVE POINT LIES OH 00  P E L ..  THE LIHE
" %  " "  IH THE W  PLAHE'. TO OSTAI. A S.LO TIO H .O EC^A .E
xV v _ '/T 1 3 7 ‘ Z S = ' , F ( i . 4 )
45 1 °  Y !i»  YPy-S IR Tt { XV *# 2 + 2 S * e 2 ) /  ( C A L 5-Y I s »2 ) ).
41 I F  (X V /Y B -X 'V Y P )? -.!  ,7 2  ,7 5
g  : i ; a : ; . ! ^ i ; : o E P L E O T I V E  POINT LIES OH OS OSLO. T ^  LI,.L
^  ^ T I . - O O U H C E  TO "  THE X , PLAHE:lHCSEASE THE V ^U E OP
' X r ^ ^ - A S O L U T I O H . Z S .  - . P S . N . ' T S . - . " . A ,
4 6  n o  TO 7
SUBROUTINE FIPXV ' (C o n t ' d )
47 75A M- ( YP»XV-Y8 »XP ) / (Y S» Z P- Z S» Y P)
40 76AA-Z8-AX*XV
49 i r i A A j o r . s / . n s
50 87 -- " I  "E(6  I )4S ,YS,AV,AA
KG r S E M S E L E M T ^ ^ ' C O N S T A N T .  I S  ZEAO OR NEGATIVE, YIELDI
M
3 i , ' y ' , n 9 , ' A ' / T m DECqEA8E XV T0 lr:,rAIN A SOLUTION7T15 , ' Z S ' . T S J : , ' Y S ' , T
53 , F u  . 4  ,T21 ,Ft: . 4 , 7 2 9  , F E . 4 , T 3 7  ,FD . 4 )
54 GO TO 7
55 USRETUnN
56
57 AK-ALD+SQRT ( Xh>»*5 +ZP**2 )
58 A L L = .5 * (X P- t3 in T ( A K * *2 - Z P* * 2 ) )
59 AUL- .5 -»(XH+0:MT(AK»*2-ZP**2))
6 C I -  ( XV—ALL. }4»' , 1 2 , 1 3
61 1 3 I F ( AUL-XV) > / , 1 2 , 1 2
62 1 2 An-A<** 2 - Z P »*2
63 CAL=(XV-XP)<*2-A=I-XV**2
64 Z S -  ( -ZP»CAL+AK*SMRT ( CAL**2 - 4  . *AR*XV**2 ) )  /  ( 2 *AR)
65 CAL1-S0RT(Z '3**2+XV»*2)
66 I F ( X V / Z S - X P /Z P ) 1 4 , 1 4 , 1 5
67 1 4 .- m I  TE (6  , 16  ) ZS
68 16FCinMAT(/T1l ’ , 'THE REFLECTIVE POINT LIES ON OR SELOV.’ THE LINE
FROM THE fSOURCE 7 ?,
69 T 1 7 , ' ( ZP , XP) IN THE Z-X PLANE. INCREASE XV TO OBTAIN A
0 N . ' / T i ; , ' z s - ' , F a . 4 )
?e GO TO 7
71 15AM— (XV*AK-XP*CAL1 ) / (ZS*AK-ZP*CAL1)
72 8 0  TO 76
APPENDIX VT |






2 .0  SUBROUTINE ANYPT
IE O IT ,U PD ATE ANYPTP
1 %PHUGRA\! FOR CALCULATING FURTHER POINTS ON A DEFINED PLANE
3 i F ( S ) ^ ? ^ r Y PT { x p , Yp , z p , A t i *u 5 *T o ' x s *Y s ' z s - AA>
4 1 : I F ( Y P ) 5 , 1 5 , 3
3 1 5 IF ( Z P ) 5 ,2 J ,S
6 2 1' iVRI TE ( A ,2 1  )
? 21F0!V.‘A T ( / T 1 U , ' T K I S  POINT LIES AT THE SOURCE')
B 2 j a F I I T E ( 6 .2 3 ) A P , Y P ,Z P , A V ,A A
9 2 3 F0 HMAT(/T6 , ' X P ' , T l 4 / Y P ' , T 2 2 , ' Z P ' , T 3 C, 'A' . ' ,%T3 U , ' A A ' / T 3 , F e .4
, 7 1 1 , F = . 4  , T 1 9 , h d  .4 ,%





16 5 I F ( A A ) 2 5 , 2 5 , 3 d
17 26  "VRITE (6  , 2 6  )
18 2 b F 0 n Y A T ( /T 1 f  , 'T H E  PLANE CONSTANT A IS  NEGATIVE OR ZERO.RESUL
TINS IN A 4,
19 REFLECTION OFF THE PACK OF THE REFLECTOR')
22 GO TO 22
21 3 . : iF (A A -ZP +A ; '* X P )3 5 ,3 5 ,4 !3
22 36A‘R I T E { 6 , 3 6 )
23 36  FORMAT ( /  T12 THIS POINT LIES ON OR ABOVE THE REFLECTIVE PLA
NE.*)
24 GO TO 22
25 4 «! CAL1 = XP+AU*ZP
26 CAL2-AV**2+1.
27 I F  ( ,  f,‘ 1 —SQRT(CALI * * 2 )  )5c  ,5U »45
20 4 5 Y 9 - Y P / 2 .
29 XS=(AA/C AL 2)* ( ( CA Ll / ( AM* XP- 2P+ 2.*A A) )- AV )
31 5 i ’ X 5 « {A A /C A L 2  ) * (  ( C AL I /  ( AM *XP-ZP+2 . *A A ) )  -AM )
32 YS=YP*(CAL2»XS+AM*AA)/CAL1
M  AL0 D : S ^ ? ( % ^ Y 8 " 2 . z a " 2 ) . a u " T ( ( w - « ' ) . « + ( Y a - T P ) " 2 . ( z a - z





CALLING PROGRAMMES FOR SUBROUTINES 
. 1  G e n e r a l :
T h ese  p r o g rv m o ti  a r e  i l l u s t r a t i o n s  o f  how th e  s u b r o u t in e s  c an  b e  u se d  
i n  prog ram m es t o  d e f in e  a n d  c o n s t r a i n  r e f l e c t i v e  s u r f a c e s .  S in c e  th e  b a s ic  
c o m p o s i t i o n  o f  t h e  program m es i s  s t r a ig h t f o r w a r d  o n ly  t h e  programmes 
and  t h e  i n p u t  f o rm a t  a r e  g iv e n  a lo n g  w ith  e x p la n a to r y  n o te s .
. 2  Program m e u s in g  a  c o m b in a t io n  o f  FIPXV and  ANYPT:
1 .2 .1  C o m p o s itio n
The program m e nam e, COXVM, i s  a  mnemonic com posed f r o y  c o m b in a t io n  
1FIPXV ' a n d  'M a in ' .  The p la n e  i s  f i x e d  i n  sp a c e  by  u s in g  FIPXV 
a n d  th e  r e m a in in g  p o in t s  a r e  t h e n  c a l c u l a t e d  u s in g  ANYPT.
1 .2 .2  I n p u t  d a t a  a n d  F o rm at
T he pr>. gramme r e q u i r e s  th e  f o l lo w in g  d a t a  i n  th e  fo rm a t a s  show n:
F i r s t  d a t a  r e c o r d
f o rm a t  : 12
W hera K i s  t h e  num ber o f  t a r g e t  p o in t s  i n  t h e  a u d ie n c e  e x c e p tin g  
t b .  f W  1.  f
i n  q u e s t i o n .  The v a lu e  o f  K i s  l i - i t e d  t o  10 by  .  DIMENSIM
S econd  d a t a / .
S e c o n d  d a t a  r e c o r d :
d a t a  : XP, YP, ZP, u s ,  TD, XV
f o rm a t  : 3 F 4 .1 ,  F3 . 0 , F5.5 , pit.I
T h ia  f i x e s  t h e  f i r s t  p o i n t  on  th e  r e f l e c t o r  by  s p e c i f y in g  ID 
a n d  XV a s  w e l l  a s  t h e  a s s o c i a t e d  t a r g e t  p o in t .
T h i r d  a n d  f u r t h e r  d a t a  r e c o r d s :
d a t a  : X P ( l ) ,  Y P ( i ) ,  Z P ( l)
f o rm a t  : 3 F 4 .1
T h e s e  c a n  b e  a n y  t a r g e t  p o in t s  i n  th e  a u d ie n c e  a r e a .
1 .2 .3  O u tp u t  d a t a
I f  b o th  t h e  p l a n e  c o n s t a n t  a n d  a n g le  o f  i n c l i n a t i o n  r e s u l t i n g  from  th e  
f i r s t  s u b r o u t in e  a r e  z e r o ,  t h e  program m e w i l l  p r i n t  th e  w ord 'CRASH* 
b e c a u s e  t h i s  w ou ld  b e  s e n s e l e s s  d a t a  f o r  th e  se co n d  h a l f  o f  th e  
p rog ram m e.
When c a l c u l a t i o n s  ta k e  t h e i r  no rm al c o u r s e ,  th e  fo llo w in g  d a ta  i s  
o b t a in e d :
( i )  The r e s u l t s  o f  t h e  c a l c u l a t i o n  u s in g  FIPXV to g e th e r  w ith  th e  
in p u t  d a t a
( i i )  T he r e s u l t s  o f  t h e  s u b s e q u e n t  c a l c u l a t i o n s  t o g e th e r  w ith  th e  
r e l e v a n t  in p u t  d a t a .
1 .3  P ro g ram s.-  u s in g  a  c o m b in a t io n o f  FXPZV a n d  ANYPT:
1 .3 .1  Co m p o s i t io n
U .  r ^ l n L * ,
1 .3 .2  I n p u t /  ........
- 3 -
1 . 3 . 2  I n p u t  d a t a  a n d  F o rm a t
m u  p r o p —  1.  <= c o m ,  t h . t  z ,  u
1 .3 .3  O u tp u t  d a t a
The o u tp u t  d a t a  a n d  f o rm a t  i s  i d e n t i c a l  t o  COXVM.
1 .4  Program m e u s in g  ANYPT f o r  t h e  c a l c u l a t i o n  o f  p o in t s  o f  r e f 3a c t io n  on a 
know n p l a n e :
1 .4 .1  C o m p o s it io n
T he program m o name POINS i s  a  mnemonic o f  th e  w ord 'p o i n t s ' . I t  u se s  
t h e  program m e \NXPT t o  c a l c u l a t e  r e f l e c t i v e  p o in t s  on a  known 
r e f l e c t o r .
1 . 4 . a  I n p u t  d a t a  and  F o rm a t
T he f o l lo w in g  d a t a  i n  t h e  fo rm a t i n d i c a t e d  i s  r e q u i r e d :
F i r s t  d a t a  r e c o r d :
d a t a  i K 
f o r m a t  : 12
W hore K i s  a g a in  t h e  num ber o f  t a r g e t  p o in ts  w ith  a  l i m i t  o f  t e n .
S e c o n ii d a t a  r e c o r d :
d a t a  : AA, AM
f o rm a t  : F 2 .1 ,  F 3 -2
T h es e  v a l u e s  d e f in e  t h e  r e f l e c t i v e  p la n e  i
T h i r d  a n d  f u r t h e r  r e c o r d s :
d a t a  : X P , XP, ZP
f o rm a t  : 3 F 4 .1  >
nCALLING PROGRAM COXVM
I E DI T, UPDATE COXVM
1 %°n05^AV FOR CALCULATING POINTS DM A REFLECTOR USING FIPXV AN
D ANYPT
2 DIMENSION F P ( 6 , 1 ) , O P ( 6 , i a >  -
3 q S A D ( 1 , 1 )K
4 1 FORMAT(12 }
5 H E A 0 ( 1 ,2 ) F P
6 2F0RVAT(3F4 .1 , F J  ,F5  .5 ,F t i  .1 )
?  CALL F I P X V ( F P ( 1 , 1 ) , F P ( y , 1 ) , F P ( 3 , 1 ) , A y , F O ( 4 , 1 ) , F P ( 5 , 1 ) , F P ( 6 , 1 )
,YS,25 ,AA)
8 >YRITr : (6 ,7)FP,ZB,Y'5 ,AMl AA
9 7 F 0 n V A T ( / T 1 . ) , ' X P « i ' , F r i . 4 , '  Y P - * , F 8 . 4 , '  Z P - ' , F 8 . 4 , '  U S - ' , F B . 4 ,*
T D - ' . F t i . f t . / T l r t . ' X V - ' . F t i . ^ , '  2 S = ' , F 6 . n , '  Y S = ' , F 3 . 4 , '  A M = ' , F 1 E ,4 , '  AA=' ,F
6 . 4 )
16 « n i T E ( 6 t 2 d )
11 2 0 F O q y A T ( /T 1 ,) ,  "T O " ,T 2 3 ,  'X 9 '  , T3B , ’ YS * ,  T4kt, * 23 '  , T5B , 'X P '  ,T63 , '  Y
P \ T 7 S , 'Z P 7 / )
12 Z F ( A M ) 3 ,4 , 3
13 4 I F ( A A ) 3 , 1 » \ 3
14 J R E A O { 1  , f t ) ( ( n P { L ? ‘! ) , L = 1 , 3 ) , V » 1  , K)
15 6 F 0R V A T ( 3 F4 .1 )
16 CO 5 1 = 1 ,K
13 0 P ( f l , I ) - A «
18 O P < 5 , I ) « 3 3 5
la CALL’ ANYPTCJ^d , . r )  , n i’ (2 7 l ) , ,) P ( 3 , l ) , D D( 4 , I ) , 0 P ( 5 , l ) ; TD,XS,YS,Z
, T 6 3 , F 6 . 2 )
23 '30 TO 11
24 1,1 * H IT E( A ,9 )





! ED IT > U^flATI; COZVV
0 ANYPT
%Pn0RRAV frUl1 CALCULATING POINTS ON A REFLECTOR USING FIPZV AN
DIMENSION F P ( A , 1 ) , OP(6  ,1 0 )
REA O( 1,1) K
1F 0 nVAT(I2 )
5 4 E A O ( 1 ,2 ) F P
6 2FOMMAT(jF4 .1 , F V .2  , F5  . 5 . F 4 . 1 )
? CALL F I P Z V ( F P ( 1 , 1 ) , F P ( 2 , 1 ) , F P ( 3 , 1 ) , A V , F P ( 4 , 1 ) , F P { 5 , 1 ) , X S , Y S , FP (6 11 ) f AA)
a ,VRIT E{ 6,7 )FP ,X S,Y S, AY ,AA
9 7 F 0 H V A T ( / T 1 2 , ' X P - ' , F C . 4 , '  Y P . ' , F S . 4 , '  Z P - ' F 8 . 4  '  US- ' .Ff i . t f  *
T 0 = ' , F d . 6 / T 1 Z , ' Z V = ' , F H . t i , '  X B - ' , F B . 4 , '  Y 8 - * , F 6 . 4 , '  AY-’ , F U . 4 , '  AA-’ .FS.
4 / / T 1 t  , TD r , T ^ F , ' X S ' , T j , ' , ' Y 9 ' . T 4 , % ' Z B ' . T 5 : , ' X P ' , T 6 J , ' Y P ' , T 7 e , ' Z P ' / / )
12 ! F ( A V ) 3 , 4 , 3
4 I F ( A A ) j , 1 4 , 3
12 3READ(1 , 6 ) ( ( U P ( L , - ' )  , L - 1 , 3 ) , ‘Z=1,K)
13 6 F 0 » V A T ( 3 F 4 . 1 )
14 00 5 1 = 1 , K
15 0 ° t 4  , I )  = A“
16 0 P ( 5 , I ) - 3 J 5
17 Ou (6  , 1)=AA
13 CALL ANYPT{OP( 1 , 1 )  , 0 P ( 2 , I )  , D P ( 3 , I ) , 0 F ( 4 , I ) , OP(5 , 1 ) , TO,XS, YS, Z
19 5 4 R I T E { f c , . L ) T O , X R , Y S , Z S , O P ( 1 , I ) , n P ( 2 , I ) , C P ( 3 , I )
22 T:FOR‘. 'AT( /T‘3 ,F 5  . 4 , T ic  , FA . 2  , T2U , F6 . 2 , T3U ,F6  .2  , T42 , F6 .2  ,T5e ,F6  .2
, T6S »F6 .2  )
30  TO 11
1-1 •VBITF (A ,9  )
9 FORY.AT( / T 1 ,  'CRASH' )





1 o i v E N S i a r F° p ( 6 Ali j ) LATING PDINT!5 DN A known p l a n e , u s i n g  a n y p tp
3 PEAO( I » 1 ) K
4 1 FORMAT(12 )
5 AEAD(1 , 2 ) AA, AM .
6 2 F O n U A T ( F 2 . 1 , F 3 . a }
7 V/AITE (6  ,2<: )
S 2 : F O H L 'A T ( / T 1 J , 'T O ' , T Z C , 'X 8 ' , T 3 C , 'Y 8 ' , T < Z / Z 8 ' , T 5 B , 'X P ' , T 6 e , 'Y
p ' , n z , ‘ i p ' / l )
9 3f l£AO(1 , 6 ) { ( U P ( L , " ) , L = 1 , K )
12 6 F 3 S 7 A T ( 3 F 4 . 1 )
11 00  5 1=1 , K
12 OP {‘1 , 1 ) =AU
13 O P (5 , 1 ) = 335
14 O P ( 6 , 1 ) = AA
15 CALL ANYPT(0P(1 , I ) , U P ( 2 , I ) , 0 D ( 3 , I ) , 0 P ( 4 , I ) , 0 P ( 5 , I ) , T 0 , X 8 , Y 8 , Z  
8 , 0 P ( 6 , T ) )
16 5 . i S I T E (6  ) TO, X S, YS, 4;3, CP( 1 , 1 ) ,  OP (2 , 1 ) , 0 P ( 3 , 1 )
1? cFO H V A T  ( /  TO , PS , 4  , T 16 , F 6  ,2  ,  T 2 i j , Ft-" . ,2 , T36 , F6 .2  ,  T 48 , F6 .2  ,T58 ,F 6  ,2
, T6G, F6 . 2 )
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